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CIHUCOK OCHOBHBIX 0003HAYCHUI

d - nauano u W - komey doxazamenvcmea
A - mampuya, onepamop
A - npubnusxcenue mampuyvt A

a- koagppuyuenm

a;j - dneMeHMbL Mampuybl

a € A - snemenm a npuHaoaedscum mMHoxcecmay A

a g A - snemenm a He NPUHAODIEAHCUM MHONCecmEy A

A ={a,b,Cc}- mnoocecmso A cocmoum u3z snemenmos a, b, ¢

Ac B, B> A - noomnoocecmso A exnioueno 6 mHodcecmso B (B exnouaem A)
Ac B, B> A - noomnoocecmeo A exnioueno 6 mrnosicecmeo B unu coenaoaem ¢ num
[a,b] - ompesok ¢ konyamu 6 mouxkax a u b

(a,b) - unmepsan ¢ konyamu ¢ mouxax au b

[a,b), (a,b] - noryunmepsanvl ¢ konyamu ¢ mouxax a u b

C - ¢ono nenpoussoocmeaennoeo nompebaenus

C - cpeonedywesoe nompebrenue na 00Ho20 uenosexa

oD, - epanuya D, .

D, =Gx(0,T), x - suax dexapmosa npoussedenus, D, =D, LD, ,
E - eounuunas mampuya pazmepa nxn

f - npubruscenue pynkyuu

f - noxazamenv gponooomoauu, f =const

G - csasnas obnacme

0G - epanuya cesznoti oonacmu G

0G, - HudxcHasn epanuya obracmu 0G

0G, - 6oxrosas epanuya obnacmu 0G

0G, - eepxmss uacmo epanuysl 0G

| - sHewnue uneecmuyuu

I - yaeﬂbele uHeecmuyuu Ha 00HO20 3AHAMO20



K - konyc, npouzeoocmeentvie ¢hoHobl

K - ¢ponoosoopycennocmo

k =1,n - uucno k npunumaem nocnedosamenvro 6ce 3HAUEHUS U3 MHONCECMEA HAMYPATIbHBIX
yucen om 1 00 N 6KIIOUUMENLHO

M (t) - uucmas npuboiLie Manoeo npeonpusmus 3a 8bI4eMOM HALO208bIX OMUUCIEHULL

M ;(t) - obwas npubsins manozo npeonpusmus

SupM - gepxmusa epanv mnodxcecmea M

inf M - nuoiensia epans muoscecmea M

N(t) - cymma nanocosvix omuucienuil

AN - abcontomuas nocpewiHocms peweHusi Cucmembl

n - gekmop

0 - Hyne6oii éexmop pasmeprocnu N

P(t) - cmoumocmv npodykyuu, evinyuenHo 6 mexkyujuii Momenm epemeru t
Q(t, X) - mowHOCMb UCMOUHUKA NPUMeCU

R"- eexmopnoe npocmpancmeo

T - onepayus mpancnonuposanus

t - epemsa

<U,V> - KOHYCHbLIl OMPe30K

V = 2000601 memn npupocma 1H00CKUX pecypcos

W - geruuuna oobasnrennoii cmoumocmu

cond W - koa¢ghghuyuenm usmeneHuss OMHOCUMENbHBIX NOZPEUHOCMel NPU HeMOYHOM 3a0aHUU

IJ/IEMEHNTO6 MAMPUY bl W

1 o o
X" = HEeKOmopbill PUKCUPOBAHHDBIT BEKMOPD

X; = 06wl (6anosoi) 06vem npoOyKyuu ompaciu 3a OAHHbLL RPOMEINCYMOK BPeMeHU

X;; - 06bem npodykyuu i — oul ompaciu, hompebisemotl 6 npoyecce npouseo0cmea | — o
ompacivio

X = (X, Xy e X, ) = N= MepHbLI 6KMOD

|X| =sup{X, —x} - mooyrv uucna x

{Xx,} - nocneoosamenvrnocmo s3nemenmos



T
X =(X;,X,,..., X,) = KOOpOUHAMHOE Npedcmagienue 6eKmopa 8 N —MepHOM BeKIMOPHOM

npocmpancmee

Y (t) - sanoswiti 6nympennuii npodyxkm

Y - npoussooumenbHoCms mpyod

S - koappuyuenm 3amewernus

o(t) - oenoma ¢hynxyus JJupaxa

G - 8eujeCmeeHHbIL BEKMOp

M - 00/ 8blOBIGUUUX 3a 200 OCHOBHBIX NPOUIBOOCHBEHHBIX (POHO08
& - 0o uucmoii npubvLiu

£ = HOPMA HAKONAEHUS.

2o - HeompuyameibHo-onpeoeieHHas Mampuya
o (t) - oenvma hynkyus /upaxa

W - HAYANbHOE NPUOTUNCEHUE 6eKMOPA X

X = 3HAK 0eKapmosad Npou36e0eHus
C - ¢ono nenpouzeoocmeennozo nompebnenus

Ciapy ~ MPOCMpancmeo nenpepuvieibix na ompeske [a,b] @ynxyui



BBEJAEHUE
Muorue 3agaud MaTeMaTHMYeCKOro aHanmza u  JauddepeHnnaIbHbIX

ypaBHEHUH NMPUBOIAT K HEOOXOJUMOCTH HCCJIEAOBAHMS BOIPOCOB O KOPPEKTHOM
MOCTAHOBKE 3THX 3aJla4, MUHUMHU3allld HOPMbI YKIIOHEHUS B COOTBETCTBYIOIIHUX
MPOCTPAHCTBAX PEIIECHUS paccMaTpUBaeMON 3aJadyd OT €€ BO3MYIIEHHOTO
pemenusi. Eciu 3a7a4a siBisieTCs HEKOPPEKTHO MOCTABICHHOM, TO €€ pelIeHUe WK
HE CYIIECTBYET, UM HE SBISIETCS €AMHCTBEHHBIM, WIH SIBISETCS HEYCTOWYMBBIM.
Kpome Toro, B Takux 3ajayax Ba)KHO BBISICHUTH HE TOJIBKO (PAKT KOPPEKTHOCTHU
WIM HEKOPPEKTHOCTH 3aJayd, HO U pa3pabotaTb 3PQPEKTUBHBIE METOJBI
MOCTPOEHUS UX AHAIUTHYECKOTO M YuciIeHHOro pemieHusd. [lonooHbie mpolaemsl,
OUYEBH/IHO, BOZHUKAIOT U B MATEMATHYECKUX MOJEIAX SIKOHOMHUECKUX MPOLECCOB.
OpHako MNOJOOHBIX HCCIENOBAaHUM, CyAs MO MyOJUKaMsM B IMEPUOJUYECKHX
KypHaJIax, He MpoBoAwIOoCh. boiee TOro, moJoOHBIX HCCIEAOBAHUNA HUKTO HE
MPOBOJMI METOJAMHU TEOPUU ONTUMATBHOU (PUIIbTPALIUN.

[TosToMy wuccienoBaHusi, WU3JIOKEHHbIE B Yy4eOHOM IOCOOMH, SIBIISIFOTCA
aKTyaJbHBIMU. ABTOPBI CUMTAIOT, YTO UX PE3YJIbTAThI 1I€JIECO00Pa3HO BKIKOYUTD B
yueOHbIM mpouecc. JlaHHOoe mocoOue HampaBieHO Ha PEIICHUE BaKHOU
METOJMYECKON 3ajauu: pa3padoTaTh MaTeMaTUYECKUE MOJENIN 3KOHOMUYECKUX,
3aTparMBaloIMX OOIIEe COCTOSIHUE 3KOHOMHUKHU CTPaHbl, PETHOHA, MPEANpPHUSTHS
(pupmbl), U FKOTOTUYECKUX MPOLIECCOB, OKA3bIBAIOUIMX HETaTUBHOE BO3/ICUCTBHUE
Ha OKPYXKAIOLIYIO CPERy B LEIOM M COCTOSIHHE 30POBbs JIOAECH B YAaCTHOCTH.
N3noxeHHble B MOCOOMM METOJIbl MX HMCCIEIOBAaHUS IMO3BOJSIOT yKa3aTh MyTH K
pelieHro (B paMKax yKa3aHHOW HaydyHOW MPOOJIeMbl) BAXKHOM HAYYHOW 3aJa4m:
UCCJIENOBATh  KOPPEKTHOCTh  IIOCTAHOBKM  MAaTeMaTHMYECKUX  MOJEJIEH,
OMKCHIBAIOIINX SKOHOMUYECKUE, OMOJIIOTMUECKUE U IKOJIOTHYECKUE MTPOLIECCHI; TS
MaTEMaTUYECKUX MOJIEJIEH, OMHCHIBAIOIINX AKOHOMHYECKUE MPOLECCHI, YKa3aTh
CIIOCOOBI MOJABICHUS CIYyYalHBIX MOMEX, BO3HUKAIOMIMX MPU UX MCIOJIb30BAHUU
Ha [paKkTUKE, JOCTYMHOW cTyAaeHTaM 3-5 KypcoB (PU3MKO-MAaTeMaTHYECKHUX

CHeHI/IaJIBHOCTeﬁ KIIACCUYICCKUX YHUBCPCUTCTOB.



B nepBoii r1naBe HM3J0KEHBI OCHOBHBIE PE3YyJIbTAaThl MPOBEICHHBIX
WCCIICIOBAHUM, MCIIOJIb3yEMbIE B NOCIEAYIOIMX TJaBax Uil  aHaJIu3a
HPKOHOMHUYECKUX MOJeNel, MOoJenel M3 SKOJOTUM W OMOJIOTUM, OCHOBHBIC
CBEICHUS O KOPPEKTHOM IIOCTAHOBKE MAaTEMAaTHUYECKUMX 3aJa4 HU MOJIEIIEH,
W3BECTHBIC PE3YNITATHI O PUIBTPALUU CTyYaWHBIX TIOMEX B JIMHEWHBIX CUTEMaXx.

Bo BTOpoM, TpeTbed MW UYETBEPTOM TIJIaBaX H3JI0XKEHBI PE3YJbTATHI,
MPUHAJIEKAIE ABTOPaM.

Btopasg rnaBa mNOCBsIIEHA U3JIOKEHUIO PpE3YyJIbTATOB MCCIEAOBAaHUSA Ha
KOPPEKTHOCTh ~ MAaTEMaTHYECKUX  MOJEJIEH,  ONHUCBHIBAKOIIMX  MakKpo- H
MHKPOIKOHOMUYECKHUE MPOLIECCHI.

B mnepBom mnaparpadge u3zywyaeTcss 3ajadya O KOPPEKTHOCTH OalaHCOBOMA
Mojenu JIeoHTheBa, T. €. 3aJaya O CYIIECTBOBAHWM, €IWHCTBEHHOCTH U
YCTOMYHUBOCTHU PELICHUS 3TOU MOJIEIIH.

Bo BTOpoM u TpeThem naparpadax npecTaBiIeHbl pe3yabTaThl UCCAEIOBAHUS
Ha KOPPEKTHOCTh MareMartudeckux mojenerd Cosioy W AUHAMUYECKON MOJIENH
Jleontnena.

B uetrBepToM maparpade - 1uHaMHUYECKONH MOJETN MUKPOIKOHOMHUKHU.

B Tpethelt rnmaBe wm3ywaeTcs 3amada (QUIbTpalMd OIMIMOOK W3MEPEHHUS B
MAaTEMATUYECKUX MOJEISAX SKOHOMUYECKHUX MTPOLIECCOB.

[lepBblii maparpad TOCBSILIEH OJHOIIArOBOM  (UIBTpALMK  OLIMOOK
M3MEPEHUN BEKTOpa cIpoca B OaraHCcOBOM Moaenu JIeoHTheBa

X =Ax+f, x>0, (0.0.5)
rae A— 3aJaHHas TEXHOJIOTMYECKas MaTpuiia pasmepa nxn, f— W3BECTHBIN
BEKTOp CIPOCa Pa3MEPHOCTH N, X— HEU3BECTHBIN BEKTOP BAJIOBOTO MPOU3BOACTBA
(BBIyCKa) pa3sMEPHOCTH N, TOJJIEKAIIUI OnpeseaeHnio, 0— HyJleBOi BEKTOP
pPa3MEpHOCTH N.

Bo Bropom maparpade NpPUBOAUTCS MHOTOIIATOBas  ONTHMAaJIbHAS

bunbTpanys omuOOK U3MEPEHHI BEKTOpa crpoca f , Tak Kak Ha MPaKTUKE BEKTOP
f W3MepseTcs He OAMH pa3, KaK 3TO MpENroJyiaralioch B MEpBOM maparpade, a

MHOTOKpaTHO: k pa3, k>1.



Tpertuii, yeTBepThIii U MATHIN maparpadbl MOCBAILIEHBI 3a1adye (QUIbTpaluu
CIIy4ailHbIX TMOMEX COOTBETCTBEHHO B Marematuueckoil mogenn Codoy,
JUHAMUYECKOM Mozenu JIEOHTheBa M TMHAMHUYECKON MOJEIIN MUKPOIKOHOMUKH.

B geTBepToN rinaBe NpUBEICHBI PE3YyJIbTAaThl UCCIEN0BAHUN HA KOPPEKTHOCTD
IIOCTAaHOBKM 3ajauu Komm u KpaeBbIX 3a/1ad, ONUCHIBAIOIINX PACCEIHHUE ITPUMECH
B TypOyJIeHTHOM aTMocdepe.

B nepBom naparpade npuBeneHa nmoctaHoBka 3aaauu Koiru co cMemanHbIM
HOCHUTEJIEM O ISl KJIACCUYECKOTO YPABHEHMSI TEIUIONPOBOJHOCTH

a’l, —-U, =0, a=const>0. (0.0.6)

Bo BTopoMm maparpade mnpuBeneHa TeopeMa O KOPPEKTHOW IMOCTaHOBKE
KpaeBOl 3ajauM, JOIMyCKaromer oO0O0OIIEeHHOe pelIeHHEe U  OINUCHIBAIONIUN
paccesiHU€ ITpUMecH B TypOyJIeHTHOM aTMocdepe.

B Tperbem u uerBepTOM maparpadax W3JI0KEHBI PE3yJbTaThl HCCIECI0OBaHUS
COOTBETCTBEHHO HA pa3pellMMOCTh M  yCTOWYMBOCTH KpacBOM  3aJayW,
JOITYCKAIOIIEN KIACCUUYECKOE PELLICHHUE.

JlanHoe mocoOue aapecyeTcsi CTyJIeHTaM M MpernojaBaTesisiM KJIaCCUYECKHUX
YHUBEPCUTETOB, HU3YyYarolUuM (YHKIIMOHAJIbHBIA aHallM3, YHUCICHHBIE METOJBbI,
MAaTEMAaTUYECKYK0 3KOHOMMKY. byaer mone3Ha acnupaHtaM: MHOTHE U3
W3JIOKEHHBIX 3/IECh PE3YJIbTAaTOB MPUHAJICKAT aBTOpaM JIAaHHOTO MOCOOUSs (CM.
JUTEPATYPY), OBLIN MOJTYYSHBI MU B X0JI€ TIPOBEJICHUSI HAYYHBIX UCCIICTOBAHUM B
0o0JlacTU MAaTEeMaTUYECKOM HSKOHOMHKA W MOTYT OBITh HCIOJIB30BAHBI JJIs
MPOBEJCHUS JaTbHEHIIIUX HCCIIEOBAHUIM B 3TOM 00JIaCTH W PElIEHUsS HAy4YHBIX

3a/1a4, aHAJIOTNYHbIX IIPUBCACHHBIM B rmocoouu.



I'JTIABA |. 3KOHOMUKO-MATEMATHYECKHUE MOJAEJIN
JIJEOHTBEBA, COJIOY, IMHAMHNYECKASA MOJAEJIb MAJIOTO
HNPEAITPUATHUA

§1. banaHcoeble 3KOHOMUKO - MameMamu4eckue modesnu JleoHmbeea

OddexTuBHOE BEIEHHE HAPOIHOTIO XO3SHCTBAa MpeAnosaraeT Hajludue
OaslaHca MeEXIy OTACIBbHBIMUA OTpPAcCisiMU, KaxKJIas M3 KOTOPBIX HpPH 3TOM
BBICTYNIAET JBOSIKO: C OJHOW CTOPOHBI — KakK HPOU3BOJUTEIb HEKOTOPOU
NOPOAYKIMK, a ¢ JAPYyrod — Kak moTpeOuTens mnpoaykuuu (u CBOCH, H
IPOM3BEACHHOW APYTUMH OTPACIISIMH).

[Ipenmonoxum, 4YTO BCS NPOM3BOJsAIIAs cdepa HAPOAHOIO XO35AHCTBA

pazbuta Ha N oTpacnei: Q,,Q,, -+, Q,,, KaKIas U3 KOTOPHIX MPOU3BOJUT CBOM BUJ

no o
MPOAYKIMH, MPUYEM PA3HBIE OTPACIH MPOU3BOJAT PA3IUYHBIE BUIBI MPOTYKIHH.
CBs13b MEXly OTpacisiMU, KaK MPaBHUIIO, OTPAXKAETCS B TAOIUIAX MEXKOTPACIEBOrO
Oamanca. Maremaruueckass MOJ€JNb, IO3BOJISIONIAsE TPOBECTH WX aHAJIM3,
pa3pabotana B 1936 r. amepukaHckuM dKoHomHCTOM B. JleoHTheBbM. B

JalbHEHIIeM oTpacib Q;, i =1,---,n, OyaeM Ha3bIBaTh «i-s1 OTPACIIb.

B nmpomecce  mpousBoacTBa  4YacTh  NPOAYKUMHM — HMJAET  HA
BHYTPHUIIPOU3BOJCTBEHHOE TMOTpeOIeHne JaHHOW OTpaciu U JIPYrux OoTpacieil, a
Jpyrasi 4acTh MpeJHa3HauYeHa JUIsl IMYHOTO U OOIIECTBEHHOTO OTPEOICHHUS.

PaccMoTpuM mporiecc mpou3BOACTBA 32 HEKOTOPBIM MPOMEKYTOK BpPEMEHHU
[T,,T,] (Hanpumep, rox) u BBeaEM Crieayronue 0003HAUEHUS:
x,-o0mui (BaJioBOM) 0OBEM MPOAYKIIMM OTpPACid 3a JIaHHBIM MPOMEKYTOK
BpPEMEHH;

X; ~00BEM MPOMYKIMH i -0i OTpaciii, HOTpedIsieMOoii B Tpoliecce NPOM3BOACTBA J-
oit orpacibio (i, j=1,2,....,n);

y, -00beM TMpOAYKIMH OTpacid i, NpeIHA3HAYCHHOW K TMOTPEOJICHHI0 B
HETPOM3BOJCTBCHHOW cdepe (00beM KOHEYHOTO MOTpeOseHUs). DTOT 00bheM

MOET JocTuraTh /5% BCell MPOW3BEIECHHON MPOMYKIIMH, B KOTOPBIA BXOJST
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cO3JaBacMble B XO3AWCTBE (HA NPEANPUATUH) 3amachl, JUYHOE MOTpeOIICHUE,
oOecrniedyeHre O0IIECTBEHHBIX MOTPEOHOCTEH, MOCTABKU Ha SKCIIOPT.

PaccmoTpum Tabnuiy:

MeskoTpaciieBoi 0ajianc Tabuuna 1.
[IpousBoacTBeHHOEe noTpedaeHue | Koneunoe notpednenne | BamoBoil BeImyck
X11 X12 e X1n Y1 X1
Xo1 Xo2ueieiiiunnnnnn Xon Y2 Xo
XntXn2.. X nn Yn Xn

banaHcoBbIi XapaKkTep ATOM Ta6JIHHI)I BBIpAKACTCA B TOM, YTO BXOJAIIUC B

HEC BCIIMYHUHBI JOJDKHBI YAOBJICTBOPATE COOTHOIICHUAM.

n
Xi =X+ Xip Fo b X HY = jzlxij +Y;, i=1---,n. (1.1.1)

OTU COOTHOIIICHHS O3HAYAIOT, YTO BAJOBOW BBIYCK X, pPaBeH CyMMe OOBEMOB
NPOJYKIIMU, TOTpeOssieMol N oTpaciasiMu, W MPOAYKIMH, MOTpediseMon B
HEMPOU3BOJICTBEHHOM cepe.

Pasenctra (1.1.1) Ha3pIBarOTCS COOTHOMICHUsIMH Oananca. Takum oOpazom
Tabnuia oTpaxkaeT OajaHC MEXKIy NPOW3BOJCTBOM M TMOTpeOieHueM. bynem
paccMaTpuBaTh CTOMMOCTHBIA MEKOTpAclIeBOW OamaHC, KOTJa BCE BEIMYWHEI,
Bxoasamme B (1.1.1), UMEIOT CTOMMOCTHOE BBIpaXKEHHUE.

Beenem B paccmotpenue ko3 GUIMEHTsI TPSIMBIX 3aTparT:

a. :% i,j=12,---,n, (1.1.2)

]
]

TIOKa3bIBAOIIME, CKOJILKO SIMHHMII MPOAYKIUH I-i OTpaciu UAET HA MIPOU3BOJICTBO
CIMHUIIBI TPONYKIMK |-i oTpaciu. M3 (1.1.2) cnexyer nuHEHHas 3aBUCHUMOCTD
MaTepHaJIbHBIX 3aTpaT OT BaJOBOr'O BBIITYCKA, T.€.

X.=a. X, 1,j=212,---,n (1.1.3)

] ] IE
Benencteuu cootnomenus (1.1.3) Momens MexOTpaciieBoro OanaHca MOdyquia
Ha3BaHue «JmHenHoy. U3 (1.1.1) u (1.1.3) cnenyer, uro
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X Z;ai,-xj +Y;,i=12,..n, (1.1.4)
J:

ninu B M&TpH‘IHOfI 3alInucu

X= AX+Y, (1.1.5)
Trac
R PINCT
A= 81 8ppyees By B
anl anZ’ 1ann
MaTpula IpAMBIX 3aTpar,
Xl
X=X, | —
Xn
BCKTOP BaJIOBOT'O BLIITYCKaA,
Y1
Y=Y, | —
Yn

BEKTOP KOHEYHOI'O MOTPEOICHUS.

CooTtHonieHue (1.15) Ha3bIBACTCS YpaBHEHUEM JIMHEWHOTO
MeXKOoTpacieBoro OantaHca.

IMocTaBuM 3ajavy: Jias MPEACTOSAIICrO IIaHOBoro mepuoaa [To, Ti] mo
3a[JaHHBIM BEKTOPY KOHEYHOIO IOTPEeOIEHMS y W MATpPHIE NPAMBIX 3aTpar A,
ONpPENIENINTh BEKTOP X BaJlOBOTO BBITyCKa. PellleHne 3Toii 3a1auu MO3BOJISET IaTh
OTBET Ha BOIIPOC: CKOJILKO HYXKHO IIPOU3BECTH HPOLYKIUH Pa3IMYHBIX BUIOB X,

yTOoObl ~ 00€CHeunTh 3aJaHHBI  ypOBEHb KOHEYHOTO TMOTpPEOJeHHS .
I[Ipeanonaraercs, BCe SIEMEHThl MAaTPUIILI A M KOMIIOHEHTHl BEKTOPOB Yy U
X HEOTpUIIATEIbHBL: A>0, y>0, x>0.

Omnpenesenne 1. Matpuiia A>0 Ha3bIBaeTCs MPOAYKTHUBHOM, €CIM IS
MI060ro BeKTOpa y >0 CyLIECTBYeT HEOTPHIATENLHOE PELIEHHE X yPaBHEHHs

X=Ax+y, (1.1.6)

12



npu 3ToM Moxaenb JleontbeBa (1.1.6), ompenmensemas Matpuield A, Tak Ke
Ha3bIBACTCS IMPOTYKTUBHOM.
Mogens JIeoHTbEBa IPOAYKTUBHA, €CIH JIIO00H BEKTOP y >0 KOHEYHOIo
NOTPeOIeHHs MOKHO MONYYHTh ITPH TIOAXOSAIIEM BalOBOM BBITyCKe X > 0.
CylecTByeT HECKOJIBKO KPUTCPUCB MPOIYKTHBHOCTH Matpuilbl A [35].
Hanmpumep, ofMH W3 HUX yTBEp)KIAeT, 4yTO MaTpuila A NMPOAYKTUBHA, €CIIU €€

5JIEMEHTBI  YIOBIETBOPSIOT ~ yCIOBUAM: @; 20, and JoOeIX i,j=12,.,n,

j —

n
max Y a; <1 ¥ cymIecTByeT 1o KpaifHeil Mepe OJIMH HOMEp j Tako#, urto a; <1.
j=1,2,..n %
j=1
MexotpacieByto mojneinb (1.1.5) ¢ yuerom BpemeHu t MOXKHO 3amucaTh B
BHJIC:

X(t) = AX(t) + (). (1.1.7)

§2. lunamuueckasn mooenb MUKpPOIKOHOMUKU

[Ipu omnucaHuM JUHAMUYECKOHM Mojenu  npeanpuatrus (¢pupmel) Oynem
UCIIOJIL30BaTh ClIeayromue o0o3HadeHus [86]:

P(t) — CTOMMOCTb IIPOYKILIMH, BBITYIIICHHON B TEKYIIIM MOMEHT BPEMEHH t ;

f —mokasarens ¢poHno0TAAUH, f =const;

A(t) — CTOUMOCTb OCHOBHBIX TIPOU3BOJICTBEHHBIX (DOHJIOB;

C—ylenpHas ce0eCTOMMOCTh BBIMYCKa MPOIYKIMWUA B CTOMMOCTHOM BBIPQKEHHH,
c =const ;

M, (t) —oOuast mpuObLIb MAJIOTO MPEANPUSITHS;

M (t) —uncTas NOpUOBLIL MaJOro MNpeaupusaTHs (T.e. MPUOBLIL, MOJydaeMasl W3
BbIUETA U3 HEC M, ;(t) HAJIOTOBBIX OTYMCIICHUH);

N (t) — cymMMa HaJIOTOBBIX OTYUCIICHUN;

|(t) - BHEIIHWE  HWHBECTULHMHM, IIOJIYYECHHBIE MaJBIM  MPEANPUATHEM  Ha

0€3BO3ME3IHON OCHOBE.
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JluHamuueckas MOJENTh MaJOr0 MPEANPHUSTHS CTPOUTCA MPU CIETYIOIIUX
MPEANOIOKEHUSIX (JOMYIICHUSX).
1. Pa3Butme Majioro mnpeanpusTUs NPOUCXOAUT KAK 3a CUET HWHBECTHLIHN
(BHEITHUX MCTOYHHUKOR), TaK ¥ 3a CUET MPUOBLIN (BHYTPEHHUX HCTOYHUKOB).
2. ENVHCTBEHHBIM, JMMUTHPYIOIIUM BBITYCK HPOAYKLIMH, (PAKTOPOM SIBISIOTCS
OCHOBHBIE ITPOU3BOJCTBEHHBIE (DOHIBI.
3. Masnoe npeanpusitue OyaeT GyHKIMOHUPOBATH MPU MOCTOSIHHON (POHI00TAAYE.
4. CyMMa HaJIoroB OTYMCIIEHUN CKJIaJbIBAETCs JIMIIb U3 IBYX BHJIOB HAJIOTOB:

a) HAaYUCIIIEMbIX Ha MPUOBLIb,

0) 3aBUCALLIMX OT 00BEMOB ITPOU3BOCTBA.

Cornacuao YKa3aHHbIM 0003HAYCHHUSAM U AOIIYIICHUAM

P(t) = fA() (1.2.1)
M__(t) = P(t) —cP(t) = (1—Cc)P(t) . (1.2.2)
M(t) =M, (t)— N(t) (1.2.3)

B cBoro ouepenp, cymMMa HAJIOTOBBIX OTUHMCIEHUN N (t) MOKET OBITh MpE/ICTaBICHA
B BUJIE!

N(t) =7, P(t) + 7,k(L- E)M(L) (1.2.4)
rie 7,,7, — CTABKU HaJIora Ha 00bEM BBIITYCKA U MPUOBLIL COOTBETCTBEHHO;
£~ 10711 YMCTOM MpUOBLIH, OTUMCIIIEMON Ha peuHBeCTUpOBaHUE (0< & <1);

k- ko3 UIMEHT, OTpaXkaroui 100 PEUMHBECTUPYEMBIX CPEACTB MPUOBLIN, HE

UMEIOITUX JIBTOT 10 HAJI0rooooxeHno (0 < x<1).

[IpupocT OCHOBHBIX TPOU3ZBOJCTBEHHBIX (HOHIOB 3a CYET BHYTPEHHHUX
CPEACTB M BHEIIIHUX MHBECTUIIUN COCTABUT

d’g—f):avl(m 1), telo,T]. (1.2.5)
[MoncraBus Beipakenus (1.2.2) B (1.2.3), 3atem (1.2.4) B (1.2.3), BbIpazum
M (t) uepes P(t):

1-c—1,

M® T 1lir,kA-&)

P(t) .

[Moncrapinss 3atem M (t) B (1.2.5), mpugeM K COOTHOIICHUIO:
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% =aP(t) + (1), (1.2.6)

(1-c-r)¢

rae a=—12_,
1+7,k(1-¢&)

YuureiBas (1.2.1), (1.2.6) nepenuiineM B BUJIE:

%-a/x(t) = 1(t), (1.2.7)
rae
a—af = A7C-Te ¢ (1.2.8)
1+7,k(1-&)

(1.2.7) npencransger coboi JUHECHHOE HeogHOpPOAHOE aubdepeHIMAIbLHOE

YPaBHEHUE NIEPBOTO MOPSAIKA.
PaccmoTpuM Tpu cityyasi TMHAMHKY MTOCTYIUICHUS mHBecTHImid |(t) [40]:

I(t) = 1, = const — MOCTOSIHHBIM 00BEM MHBECTHUIIUN JIJIsI KOXKIOTO MOMEHTA t |

I(t)= /3, [ >0-JMHEHHO - BO3pacTaromme ¢ HU3MCHCHHEM BpCMCEHH t
WHBECTHUIIUU CO CPEIHUM TEMIIOM [ =const >0,
I(t)=Be” — DKCIIOHCHIMAILHO-BO3pACTAIOIIME C H3MCHEHHMEM BPEMEHH t
WHBECTUIIMM CO CpEeaAHMM TemMmnoM f>0 W MHUHUMAQJIBHBIM  YPOBHEM
rapaHTUPOBAHHOM TOCYAAapCTBEHHOW MoaaepkKku 1(0) =B.

ODTU ciydan COOTBETCTBYIOT BO3MOXHBIM CTPATETUSIM TOCYJapCTBEHHOMU
(hbUHAHCOBOM MOJICP KKK MAJIOT0 MPEANMPUHIMATEILCTBA.

Pemienust nuHEeHOTO HEOMHOPOAHOrO AUBPEpPEeHIIMATBLHOIO YpaBHEHUS C
NOCTOSSHHBIMU ~ Kodddunmentamu  (1.2.7) s paccmaTpuBaeMbIX | (t) UMEIOT

COOTBETCTBEHHO BUJ [86]:

IO at "0
Alt) = (A +;)e 2 (1.2.9)
AQ) = (A, +§)ea‘ —a—'BZ(atJrl), (1.2.10)
) B yu. B 4
A(t)_(A°+ﬁ—a)e +ﬂ—ae , (1.2.11)

rae A, = A(0).
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§3. Mamemamuueckas mooenp IKOHOMUUECK020 pocma (moodeav Conoy)

Mopnens, mnpemioxeHHas jaypeatom HooOenesckoit mnpemun P. Conoy,
ABJISICTCS MOJEIBI0 3KOHOMHYECKOTO POCTa OJHOCEKTOPHOM 3KOHOMHKH. B »3TOM
MOJIEJIA JKOHOMMYECKAsh CHUCTEMa pacCMaTpUBAaeTCs Kak €JIuHOE ILIeJIoe, OHa
MPOU3BOJIUT OJMH YHUBEPCAIbHBIM MPOIYKT, KOTOPBHIM MOXKET KaK MOTpeOIAThCS,
TaK 1 HTHBECTUPOBATHCHI.

Mopens CoJioy OTpakaeT BaXKHEUIIME MAaKPOIKOHOMUYECKHE ACIIEKTHI
Ipolecca BOCIPOU3BOACTBA, IPUA 3TOM IKCHOPT ¥ UMIOPT B HEW B IBHOM BHJIE HE
yUUTBIBAIOTCS. COCTOSHUE DIKOHOMUKHU ONPEAEISIETCS CICAYIOIUMU YHAOT€HHBIMU
(paccMaTpuBaeMble B CHUCTEME) TMEPEMEHHBIMH, H3MEHSIONIMMUCS C TEUYCHHEM
BpeMeHu t, te[0,T]:

Y (t)— BajoBBIM BHYTpeHHUM npoaykroM (BBII);

C(t)— hboHIOM HEIIPOU3BOICTBEHHOTO IMOTPEOICHUS;

| (t) — HHBECTULIUAMU,

L(t)— mroackumu pecypcamu, L(0) =L ;

K (t) — mpousBoAcTBeHHBIMH oHAaMHU, K(0) = K, .

Kpome Toro, B MOJieH HCTIOMB3YIOTCS CIIEIYIONINE YK30TeHHBIC (3a/1aHHbIE
BHE CUCTEMbI) MOKA3aTENH, SIBJSIONINECS TOCTOSTHHBIMU BEJIMUMHAMU:

V — TOJIOBOM TEeMI MPHUPOCTa JIIOJCKUX PECypcoB, 3aHATHIX B cdepe
ITPOU3BOJCTBA;

4 — J0JIs BBIOBIBIIIMX 3a I'0Jl OCHOBHBIX MPOU3BOICTBEHHBIX (DOHIOB;

p— HOpMa HAaKOIUICHUS (JI0Js BaJOBBIX HWHBECTUIMA B BaJlOBOM
BHYTPEHHEM MPOIYKTE);

a — KOd(hPUITMEHT NPAMBIX 3aTpart.

DK30rCHHBIC MTaPaMETPhI YAOBJICTBOPSIOT OrpaHndeHusM [35]:

1<v<l O<u<l O0<p<l O<axl.
bynem npenmnonarats, 4T0 00b€M BAJIOBOTO BHYTPEHHETO TMTPOIYKTA Y (t) B KaXKIbIN
MOMEHT BPEMEHM t OINPEHEHACTCA JIMHEMHOM OJHOPOAHOW IPOU3BOACTBEHHOM
dbyukmuent Y = F(K,L), Hanpumep, pynkuueit Ko66a — [lyrmnaca
16



Y=F(K,L)=AK" - &7, (1.3.1)
OTHOCUTEIBHOE HM3MEHEHHE  JIIOJCKHX pECypcOB B TEUEHUUM BpPEMEHH At

OPOMOPLHMOHAIBHO At

A—LL —vAt, L(O)=L,.

W3 mocnenHero COOTHOMIECHUS BBITEKAET, YTO

L=L,e".
Kpome Toro, mpeamnonaraem, 4to 3a BpeMsi At TMPOH3BOACTBEHHBIC (QOHABI K(t)
YMEHBINAIOTCS 32 CYET WX BBIOBITHS W BO3PACTAIOT 3a cueT WHBecTUnwmid. [Ipm

BBINIOJIHEHUH YKA3aHHBIX JOMyLEHUI Moenb Coyoy B aOCOIOTHBIX MOKA3aTeNsIX

umeet Buj [35]:

L=L,e"; d—fz—uK+pY, K(0) = Ky;

Y =F(K,L); I =pY; C=(-p).

(1.3.2)

qDYHKHI/IOHI/IpOBaHI/IG O9KOHOMHKH, COI'JIaCHO MOZACIIN COHO}’, MOXXHO

pEACTaBUTh B BUJIC CXCMBI.

I=PY

A 4
Y C=(1-p)Y
L— Y =F(K,L) > (-p)

Puc. 1. CtpykrypHas cxema moaenu Conoy

BBenewm ynenbHbIE TOKa3aTENM:

K
K== ($hOHIOBOOPYKEHHOCT;

Y K o
y = m =F T,1 = f (k) - HApOAHO-XO35IUCTBEHHAS IIPOMU3BOAUTEIBHOCTE TPY/1a;
o
i= m = p-Y - YAEIbHBIE HUHBECTUIIMHA HA OJHO 3aHATOTO;

c=(-p)y - cpeaHeayleBoe NOTpeOIeHNE Ha OJTHOTO 3aHSATOrO.

Torna B OTHOCUTENBHBIX (YIIETBbHBIX ) MOKa3aTesIX Mo iesib CoJIoy IpUMET BUI:
17



Z—l::—ik+pf(k), A=u+v, k(O):kO:T—O,
0

x=f(K); i=pfK), c=(1-p) f(K). (1.3.3)

§4 Bbuonozuueckue npoueccsl, onucoléaembole ypasHeHuem

a’u, -u, =0

B Martemartnueckoll OHOJIOTHH, B OCOOCHHOCTH TIPH MaTEMaTHYCCKOM
MOJICIMPOBAHUM SIBJICHUS TEPEHOCA B KHMBBIX CHCTEMax, 4YacTO BCTpEUYacTCs
ypaBHeHwHe [52]

a = const , (1.4.1)

u, =au

pemienre Kotoporo B obmactu  Q, Q={t,, T[}x{0,1} ymoBuerBopsier
HaYaJIbHO-TPAHUYHBIM YCIOBHSIM:
u@©,t)=glt), ul(0,t)=g(t),0<t<T, (1.4.2)
u(x,0)=7(x), 0<x<I, 7(0)=¢(0). (1.4.3)
[Mpu pemenun 3amaum (1.4.1) - (1.4.3) wa DOBM ynoO0HO WCIIOJIB30BATh
CIICAYIONIMHA aNTOPUTM MOUCKA MPHUOIMKEHHOTO pelleHus. 3aMEHUM ypaBHEHHE
(1.4.1) na xaxaom mare h; Harpy)XxeHHbIM YPaBHEHHUEM TEILJIONPOBOIHOCTH:
u(x, t) x, —x

u(xp, t) x

i+1? i+l

0o 1
au, =— —
ot h,

L i=01--n; (1.4.4)

— X
(1.4.4) nepernuiem B BUJIE:
au,, = ( Xia— )/h |+l( _X)/ hl’ X <X <X

rae u; =u(x, t). M3 mociieHero COOTHOIEHUS CIIEAYET, YTO

ul X I X
ah, ;!. i+ d§+(x X U +U i )_!. é:’ I"Ixi =ux(xi’ t)
CraenoBaTteibHO,
u(x,t) = u—"[h (x—x, ¥ —l(x— X, )3} Uin (x=x ) +(x=x)ux, +u,. (1.4.5)
2an | ' Y T3V T [T ean T

N3 (1.4.5) npu x = x;,, UM€eM:

i+1
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U, = ihizui' +ihi2ui'+l +hu, +u,.
3a 6a
Torma

ui’-¢—l _ﬂflu#l :—ZU; _ﬂ’i (hl Uyi +ui)' ﬂ’i = 6a/hi2 ) (146)

VpaBaenue (1.4.6) MOXHO 3anucaTh B BUJIE:

(e‘ﬂ*‘um)’ =—e‘”1't[2ui’ + A, (hu +ui)].

i xi
Wuterpupys Ha unTepBasie mo t oT 0 10 t, W yuuThIBas HadajabHBIC YCIOBUS

(1.4.2)
Uia]eco = Tia = 7(%i1) 4 (1.4.7)

IOoJIy4aceM.
U, = (Ti+1 +22—i)exp(/1i t)—2ui _/IijAEXp(/%it_ﬂig)>< [hiuxi (§)+3ui(§)]d§- (148)

B cootBetcTBUM ¢ (1.4.5) Halinem

Xi 1

U U b b (ke e S (xx )
ox = 2ah [2(x x, ), —(x xi)]+26lhi (x=x ) +u

IIpU X = X;

uxi+1 :uxi 2_1a hi (U: +ui,+1)

!
3aMeHsisT B TIOCJIETHEM paBEHCTBE CyMMy U, +U/,Ha ero 3HaueHwe u3 (1.4.2),

i+l

HaXO0JIUM

X1 UXi +2_1a hi [/1! (ui+l —U; _hi Uxi )—Ui'],

W
UX;,; =—2u, +3(U,, —u; )/ b —05(h /a)u; . (1.4.9)
®opmyiet (1.4.8) u (1.4.9) MO3BONSAIOT aNTOPUTMHU3UPOBATH MPOIECC MTOUCKA
pemenus 3agaun Komu (1.4.1) , (1.4.2), (1.4.3).

[Ipu oTbickaHuM TPUOMKEHHOTO pemeHus u(x,t) 3amaun Komm co
CMCIIIAHHBIM HOCHTEJIEeM JUIsl ypaBHeHHs TerutonpoBoanoctr (1.4.1) B Hamepen
3aJIaHHBIX TOYKAX XX, -+, X, B KaUECTBE alMpPOKCUMHUPYIOLIEr0 YPaBHEHUS MOKHO
BBIOPATH U HATPYKEHHBIC YPABHEHUS CIEAYIONMINUX BUOB:
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XX

au, = % al(x)u(x,, t),

au

sz (:) Xjfa (x,t)dx.

Xj—¢&

_9
XX at

WHaekc | mpeamonaraeT cymMmupoBaHue oT 1 1o N; u(xt)=~ al(x) u(xj, t) —
HEKOTOpass HWHTEpHOJsAIUOHHAs dopmyna (Hampumep, ¢dopmyna Jlarpanka);

B, (X), u,&— 3a1aHHbBIC BEIMYHHBL.

3agnaya Topuiau. OULIOTAKCUC — PACHOJIOKEHUE JTUCTHEB HA PACTEHUU —
SBJIIETCS. OJHOM M3 MHTEPECHBIX Ipobsem Ouonoruu. Hanbosee yacto B mpupone
BCTpeYaeTcsl PUILTOTAKCUC CIUPATBHOTO TUIA, IPU KOTOPOM JIMCThSI HA PACTEHUHU
PaCOJIOKEHBI [0 CIUPAIIA BOKPYT TJIABHOU OCH.

Yroa nuBepreHUUH, T.€. Yrojl MEXIy IOCIEI0BATEeNbHO PaclOI0KECHHBIMU
JUCTBIMUA  (IPUMOPJUSAMH), y OOJBIIMHCTBA PACTEHUH CO CHUPATbHBIM
dbumiorakcucoM 61n30K K yrioy Gubonayun: 137,51° . I'M. Topunu B 1975 rony
JUIsl OOBSICHEHUS] BOBHUKHOBEHHUA yria PuOoHaYuM NpeIoKuil MPOCTYI0 MOJEIb
CHOUPAJIBHOTO (PUIIIOTaKCUCa, MPEICTABISAIONIYIO0 cOO0M ypaBHEHUE TUPDY3UHU:

v, =a’v, —yv, a=const; y=const. (1.4.10)
[To ycnoBuio, TOYEUHBIN HCTOUHUK MOpP(OreHa cuibl Sy MOMEIIEH B TOUKY

(I',0) mmu x=0, mopdoren nupdyHaUpyeT MO OKPYKHOCTH B 00OMX HATPABICHUSIX
OT Hee: TMOJOBHHA IOJIO)KUTEILHOM HAIpaBJICHWHU, a Jpyras IOJOBHHA - B
obpatHoM. I'pagueHT v B Touke X=0 MMeeT pa3pbIB MNEPBOTO poAa, v - QYHKIUSA

HenpepbiBHas s Bcex x [0, 1] u t>0. CrnenoBarensHo (GyHKIHMS ©» JOJDKHA

YAOBJIETBOPSTH YCIOBUSIM:

_a?limo, =%So(t) 0<t<T, (1.4.11)

X—>+0
v(0t)=0(l, t), 0<t<T, (1.4.12)
rae T - pacyeTHOE Bpems.

VYpaBuenue (1.4.10) paccmarpuBaeTcsi ¢ HaYaIbHBIM YCIIOBHEM

o(x, 0)=p(x), 0<x<I, (1.4.13)
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rae ¢(x) - HempepsIBHOE pacipe/ielieHie KOHIEHTpau MopdoreHa B Ha4aIbHbIN

MOMEHT BpeMeHH t =0, koTopoe B ciuty (1.4.12) ynoBieTBOpsIeT YCIOBHIO:
o(0)=oll).

VYpaeuenne (1.4.10) ¢ ycmoBusmu (1.4.11), (1.4.12) u (1.4.13) npeacraBisier ¢

co00if MaTeMaTHIECKYI0 MOJIeNIb CIUPAIbHOTO (PUITOTaKCHUCA.

B [52]  w3ywena 3amava: HaWTH  peryyispHoe B o0iactd
Q={(xt):0<x<l, 0<t<T} pemenne 9 ypapuenus (1.4.10), HenpepsiBHOE B Q.
JlanHas 3a1a4a, B ciry4dae Korja

S,(t)=S, & (—ut),S, =const >0, s =const<y, (1.4.14)
¥ KOTJ]a KOHIICHTpaIusi MOpOoreHa MEHSETCS 110 SKCIIOHEHITHAILHOMY 3aKOHY
v=pl(x) e (- ut) (1.4.15)
BIIEpBBIC ObLIa UCCIIEIOBaHAa U OuoJiornuecku unrepnperuporana Jx. I'. Topuiu
[52].

Jlemma 1. Ilycte v- perymipHoe mpu O<x<l, O<t<T, pericHue
ypauenus (1.4.10), sBnsercs HempepwBEBIM B Q =[0,1]x [0, T] m ymoBneTBopser
YCIIOBHIO:

limv, =0, 00, t)=0(,t), 0<t<T.

X—>+0
Torma makcumyMm (yHKIMH o B Q JocTHTaeTcs JUIIh B HAYIBHBIA MOMEHT
BpeMeHHU t =0.

W3 5TOi1 meMMBbl BBITEKAET, YTO 3aJada TOpHJIM HE MOXKET UMETh OoJjee
oJIHOTO perreHus [52].

3amMeHa U=vexp(t) MO3BOJNAET CBECTH 3amady TOPHIM K ClEXyIOLIEN
HEJIOKAIbHOU KpaeBoM 3a/1aue JJig ypaBHeHUs: AU dy3un:

u, =a’u,, (1.4.16)

u(x, 0)=g(x),0<x <1,

u,(0,t) =v(t), u(0,t)=u(,t), O<t<T
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§5. Koppekmnocmv mamemamuueckux 3aday (mooeneit)

MHorre HEKOPPEKTHO IMOCTABJIEHHBIE 33/Ja4d JIETKO CBOJSTCS K PEIICHHUIO
OTIEPATOPHBIX YPaBHEHUH MEPBOTO poja:
Ax=f, (1.5.1)
rae xe X, f eF, A—HenpepbsIBHBIN OIIEpaTOP.
Onpenenenne 1 [42]. 3amaya moctpoenus perrenust (1.5.1) Ha3bIBaeTCs
KOPPEKTHO MOCTaBJIEHHOM (110 Aamapy), €ciu:
1) niis mro6oro f e F cymecTByer penienne ypaBaenus (1.5.1) xe X ;
2) peurenue (1.5.1) eTMHCTBEHHO;

3) penreHre X HEMPEPBIBHO 3aBUCHUT OT MPaBOM yacTu f , T. €. 0ECKOHEYHO
MaJbIM BapuanusaMm f (B METpHUKE MPOCTPAHCTBA F ) COOTBETCTBYET OECKOHEUHO

MaJible Bapualliy pemeHus X B X .

Onpenenenne 2 [42]. IlycTh B MpPOCTpPaHCTBE X BBIICICHO HEKOTOPOES
MOANPOCTPaHCTBO Y — X . 3agaya mnoctpoeHus pemeHus (1.5.1) Ha3wiBaeTcs
KOPPEKTHO MOCTaBJICHHON 0 THUXOHOBY, eciu:

1) ampuopu H3BECTHO, 4YTO pEIICHHE X CYIICCTBYeT M TNPUHAIICHKHT
Y:xeY,
2) pelieHue eTUHCTBEHHO;

3) OecKOHEYHO MaJlbIM BapHaliaM IpaBod YacTH f, HE BBIBOIAIINM

peIIeHNe X W3 MHOXECTBa Y, COOTBETCTBYIOT OECKOHEYHO Majibie BapHallud
peuieHus x B X.
[ToanpoHCTPaHCTBO Y HA3bIBACTCSA MHOXKECTBOM KOPpPEKTHOCTH [42].
Hcxonnas 3amaya, KOoTopas Oblla CBEICHA K 3aade MOCTPOSHUS PEIICHUS
ypaBHeHusi (1.5.1), Takke Ha3pIBae€TCs KOPPEKTHO WJIM  HEKOPPEKTHO
MOCTaBJICHHOW, eciu 3anaya noctpoenus pemenus (1.5.1)  sBusercs
COOTBETCTBEHHO KOPPEKTHO WJIM HEKOPPEKTHO MOCTABICHHOM.
MareMaTtuuecknue MOJCIH, paccMaTpUBaeMble B TOCIEAYIONIUX TJIaBax
JIMCCEPTAIIMOHHONW palOThl, MPEACTABISAIOT COOOW ypaBHEHUS: alreOpanveckue,

nuddepennmanbabie (OOBIKHOBEHHBIE, C YaCTHBIMU MPOU3BOIHBIME), HA PEIIECHUS
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KOTOPBIX HAJOXKEHbl HEKOTopble orpanuyeHus (ycioBus). [loatomy ¢opmanbHO
MOJKHO CYHTATh, YTO OHH OMHCHIBAIOTCS ONlepaTOpHbIME ypaBHeHusMH (1.5.1).

Omnpenesenune 3. MaremaTtuyeckas MOJENIb Ha3bIBAETCAd KOPPEKTHOU
(HEeKOppEeKTHOI), eciau 3a7ada MOCTPOSHHSI PEUICHHUS COOTBETCTBYIOIIETO 3TOM
MOJIeNIA  orepaTopHoro ypaBHeHus (1.5.1) sBisieTcs KOPpEeKTHO (HEKOPPEKTHO)
IIOCTABJICHHOM.

Cucrembl JIMHEWHBIX aiareOpauvyecKux ypaBHEHUH [OBOJIBHO YacTo
UCIIOJIB3YIOTCS TIPU OIMUCAaHWU PEATbHBIX MPOIECCOB B PAa3HBIX OTPACIAX
HapOJIHOTO X035McTBa. /{151 TAKUX CUCTEM MOHATUE KOPPEKTHO WM HEKOPPEKTHO
MOCTaBJICHHBIX 3a/Jay  [OCTPOEHUS pEUIeHUS CBOJUTCS K  MOHATHIM
COOTBETCTBEHHO O0YCIIOBICHHOCTH WUJIU IJIOXOHM 00YCIOBIEHHOCTU CUCTEMBI.

Paccmotpum  cuctemy anreOpanyeckuX YpaBHEHM, 3allMCaHHYIO B
BEKTOPHO - MAaTPUYHOM BHJIE:

WN=C, (1.5.2)
rae W — HEBBIPOKIHHAsI MAaTpula pasmepa nxn, C— HEHYJIEBOM N— MEpPHBIN
BEKTOpP CBOOOJHBIX UIEHOB; N —n- MEPHBII BEKTOP HEU3BECTHBIX.

[Tycts mpaBast vacth (1.5.2) momyuwmna Bo3myiieHue AC, T. €. BMECTO
BeKkTOpa C HCHOJIB3YyETCA MPUOIMKEHHBIN BekTOop C+AC. Peakuueil pemieHus
N Ha mpupaiieHue AC nmpaBoi yacTu Oynet BeKTOp AN, T. €. eciid N — perieHue
(1.5.2), To N +AN —pemnieHre ypaBHCHHS

W(N+AN)=C+AC. (1.5.3)

[Ipunumas 3a aOCONIOTHYIO TOTPEUTHOCTh MPHUOIMKEHHOTO BEKTOpa
HOPMY Pa3HOCTH MEXAYy TOYHBIM M TPUONMKEHHBIM BEKTOpaMH, a 3a
OTHOCUTEJIbHYIO TOTPEIIHOCTh — OTHOILIEHHWE a0COJIIOTHOW MOTPEUNIHOCTH K
HOpPME  BEKTOpa, BBIBEAEM  COOTHOLIEHHWE  MEXAY  OTHOCHUTEIbHBIMU
NOTPEIIHOCTAMH BEKTOpa CBOOOIHBIX WICHOB M BeKTOpa-pemeHus. [loacrassis
(1.5.2) B (1.5.3), yoexxaaemcs, uTo monpaBka AN CBsi3aHa ¢ BO3MYIIEHHEM AC
Tak ke, kak u (1.5.2) ¢ paBeHcTBOM WAN =AC, U3 KOTOPOrO HAXOAUM €€
BBIPAKEHUE

AN =W AC, (1.5.4)
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re AN — a0COJIOTHAs MOTPENTHOCTh penieHus cucteMsl (1.5.2).
BbIurciiuB HOpMBI B JICBBIX W MPaBbIX dacTsax paBeHCTB (1.5.2) m (1.5.4),
Oyznem umets: |C||<|W|-[N| u ||AN||:”\N ‘1H-||AC||, rJic MaTpUYHAs HOpMa JIOJDKHA
OBITH COTJIACOBAaHHOH C BHIOpPAHHON BEKTOPHOW HOPMOM. DTH JBa YHCIIOBBIX

HCPABCHCTBA MOXHO IICPCMHOKHUTL!:
[N < W[ - [N] - ]w =] Jac] (15.5)

Paznemnm (1.5.5) Ha|C|- |N|, momydmm:

[AN] ayllac]
Monoxurensroe  wucio  |W|W™|  maspiBaror  wmciom  (Mepoii)

00yCJIOBJIEHHOCTH MaTpuilbl W 1 0003HAa4aloT cond W .

MOKHO TaKKe [OKa3aTh, 4TO TOXKE CaMOE YUCIO condW = [W|[-[W | cayxut

KO3 (PUIIUEHTOM U3MEHEHUSI OTHOCUTENBHBIX OTPEUTHOCTEN P HETOYHOM
3a1aHuu eMeHToB Matpullbl W B (1.5.2). Eciiu maTpuiia W noayduiia
Bo3myleHue AW 1 N + AN — pelieHre BO3MYIIEHHON CUCTEMBI

W +AW)-(N +AN) =C, TO TakX€ ClpaBeJINBbl HEPABEHCTBA.

N Daw] [
N] W aw] " N an]

Jaw]
< condW - (1.5.6)
| Jaw]

HepaeencrBa (1.5.5) m mokaseiBaror (1.5.6), 9To Yem OOJBIIE YHCIO
00yCJIOBJICHHOCTH, TEM CHJIbHEE CKa3bIBaeTCsl Ha pemieHuH cuctembl (1.5.2)
omwuOKa B MCXOJHBIX JaHHBIX. Ha mpakTuke cunTtaroT, 4to eciim condW =O(10°)u

UCXOJIHbIE JaHHbIE HMEIOT MOTPEUIHOCTh B |- M 3HAKe IMOCle 3amsITod, TO
HE3aBUCUMO OT crocoba pemeHust cucrembl (1.5.2) B pe3yapTaTe MOXHO

rapaHnTUpoBaTh He Oosiee | — p 3HAKOB MOCIIE 3AISITOM.
Ecnu uncino condW Benmuko (6osiee 1000), To cuctemMa cUMTaeTCs TIOXO

oOycnoBneHHol. I[lpu oreHke cHU3Y uKcia OOYCIOBIEHHOCTH HCIHOJb3YIOT

OOBIYHO HOPMBI, B KOTOPBIX HOpMAa €IUHUYHOM MATPHUIILI paBHA €IUHUIIC

condW = W/ W | = |w -w | = |E] =
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T. €. YUCJIO 00YCIOBIEHHOCTH HE MOXET ObITh MEHbIIE 1.

[locTpoeHne peleHHusl TaKk Ha3bIBAEMBIX «IUIOXO OOYCIIOBJIEHHBIX» CHCTEM
JVHEWHBIX areOpanueckux ypaBHEHUN CBSI3aHO C ONPEACIICHHBIMU TPYIHOCTSIMH,
T. K. MaJblM H3MEHEHMSM IIPaBbIX 4YacTEHd 3TUX CHCTEM OTBEYAIOT OOJbIINE
VU3MEHEHUS PELIECHNUs, BBIXOAIIUE 32 JOIYCTUMBIE MPEIEIbI.

PaccmoTpum cuctemy ypaBHEHUM

Ax =T, (1.5.7)
rie  A- MaTpuLia ¢ OJEMEHTaMH a;, A=1{a;[, X—HCKOMBI{ BEKTOp C
KOOPAMHATAMH X,, X = x j}, f —HM3BECTHBIN BEKTOp ¢ Koopauuaramu f,, f ={f},
i,j=12,---,n.

Ecmn omnpenenurens cuctemsl (1.5.7) paBeH Hymo, T.e. detA=0, TO OHa
Ha3bIBa€TCsl BbIpOXkACHHOW. Torma martpuma A uMeeT COOCTBEHHbIE 3HAYEHUS
paBHBIEC HYJIO, @ MaTpULla A TAKOTr'O BHJIA Y IUIOXO OOYCIIOBJICHHBIX CUCTEM UMEET
OJIM3KKE K HYJII0 COOCTBEHHBIC 3HAUECHHS.

B psane ciayyaeB HEBO3MOXXKHO YCTAaHOBUTH SBJIIETCS JIM 3aJlaHHAsl CHUCTEMa
YpaBHEHUH BBIPOKIECHHOMN WM II0X0 00ycnoBiIeHHOU. [103TOMyY BBIpOXKIEHHbBIE U
IJI0XO0 O0YCJIOBJIEHHBIE CUCTEMbI CTAHOBATCS HEPA3JIMYMMBIMU B PaMKaxX 3a/IaHHOMN
TOYHOCTU. Takas cUTyalusi MOXKET MMETh MECTO, B cllyyae, KOrja marpumia A
UMEET JIOCTAaTOYHO OJIM3KHE K HYJI0 cOOCTBeHHBIE 3HadeHus [75]. [Ipu perenun
KOHKPETHBIX 3aJ]ady 4acTo MpaBas 4acTh f M 3JEMEHTHl MaTpULlbl A, M3BECTHBI
npubamxenHo. Torma Bmecto cuctemsl (1.5.7) umeem neno ¢ HEKOTOPOU Apyroi

CHUCTEMOM

>
=
I
-

TaKoM, 4To
A-<h. [T 1] <o

3ameHsst MaTpully A, Ha MaTpuily A, Mbl TeéM 00Jiee HE MOXKEM OIPeIeTIEHHO

BBICKA3aTb CYXACHHUC O BBIPOXKIACHHOCTH HWJIM HEC BBIPOXKIACHHOCTH CHCTCMBI

(1.5.7).
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O cucreme (1.5.7) B Takux ciay4yasX HaM U3BECTHO JIUILb TO, YTO ISl MATPHUIIbI

A ¥ paBoOM 4acTU f BBINOJHAKOTCS HEPABEHCTBA
[a-A<h. [f-1] <o,

I7Ie TUIT HOPMBI OTIPENIETISICTCS XapaKTepoM paccMaTpuBaeMon 3amadu. O4ueBHTHO,
YTO TIOJI0OHBIX CHCTEM JOCTATOYHO MHOTO, U B paMKaxX HEOOJBIION MOTPEITHOCTH
oHM HepaznmuuuMbl. [lockonbky cuctemy (1.5.7) 3ameHseM Ha TPUOIMKCHHYIO
cucreMy Ax=f , To B HTOre OyaeM HaXOIUTh NMPUOIMKEHHOE PENIeHHe CHCTEMBI
Ax=f.

Ecnu npubnukeHHas cucreMa He UMEET PEIlIeHUs], TO BO3HUKAET BOMPOC: YTO
ClIeMyeT TOHUMATh B OIMCAHHOW CHUTyaIldu TOJ MPUOMKCHHBIM peIIcHUEM
cuctemsl (1.5.7).

Takum o0Opa3oM, MBI JOJKHBI PACCMOTPETh MLEJbIM KIAacC HEpPa3IMYUMBIX
MEXy coOOl CHCTEM ypaBHEHUU (B paMKax 3aJlaHHOTO YPOBHS MOTPELIHOCTH),
Cpelld KOTOPBIX MOTYT BBIPOXKJCHHBIC U HE BBIPOXKIEHHBIE. MeTOAbl pelieHUs
TaKUX CHCTEM JOJDKHBI OBITH OJTHUMH M TeMH e (T. €. JOCTAaTOYHO OOIIMMH), a
CaMU PEIICHUS - YCTOWIUBBIMU K MaJIbIM H3MEHEHUSM HCXOHBIX TaHHBIX.

PaccMoTpuM  MpOU3BOJBHYIO  CUCTEMY  JIMHEHHBIX — airedpandecKux

ypaBHeHuit (CJIAY)

Ax=f , (1.5.8)
rae X U f BEKTOPBI, X=(X;,Xp,---,Xy)' €R", f=(fy, fp,--fy)T eRM, A—MaTpuiua ¢
oleMeHTaMu a;, A={a|, j=12---n; i=12--m, n=m. DTa cHUCTEMa MOXKET
OBITH BBIPOXKICHHOM, HEpa3pEITMMON HIIK OJJHO3HAYHO Pa3pEIIUMOHN.

[IceBnopemennem cuctemsl (1.5.8) Ha3pIBalOT BEKTOp X , MUHUMHU3UPYIOIIUI
HeBs3Ky |Ax— f| Ha Bcem mpocTpancTBe R". JlaHHas cucrteMa MOXET HMETh HE
oJiHO TiceBaopenienrne. O003HaUMM COBOKYITHOCTh BCEX €€ TCEeBJOPEIICHUN uepes
F,, a depe3 X —HEKOTOpPHIH (PUKCHUPOBAHHBIM BEKTOp M3 R", KOTOPBIH

OTpeesieTcs] TOCTAaHOBKOM 3a/1auu.
HopManbHBIM OTHOCHTEIIBHO BeKTOpa X' permenueM cucteMbl (1.5.8) Oymem

Ha3bIBATh MICEBIOPEIICHHE X’ C MUHUMATBHOM HOPMOii X — X'

, T. €.
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I — x| = inf x - x| ||x||:{zn:x?}%
y = j .

XxeF,

Jlna ynoOcTBa 3amucu B JaibHedieM OyaeM cuuTaTh X =0U HOpMalbHOE
OTHOCHTENBHO X' =0 pelleHHe Ha3blBaTh MPOCTO HOPMAIILHBIM perieHueM. J[is
arobor  cucrembl Buga (1.5.8) HopMmanbHOE pelIeHHE CYIIECTBYET U OHO
enuHCcTBeHHO. OJHAKO 3ajJa4a TOCTPOCHHS HOPMAIBHOTO PEIICHHS CHCTEMBI
(1.5.8) sBasIeTCS HEKOPPEKTHO MOCTaBICHHOM [75].

[Tycte A— cUMMeTpUYHAS MaTpPUIlA, €CIIM OHA HEBBIPOXKICHHAS, TO €€ MOYKHO
NPUBECTH K JMArOHAJIBHOMY BHUJIY OPTOTOHAJIBHBIM IPEOOpa3oBaHUEM X =VX’,

f =Vf". Torna npeo6pazoBaHHasi cuctema OyJeT UMETh BU/IL:
Ax =15, 1=12,---,n,

rae 4 —COOCTBEHHBIC 3HAUCHUS MATPHUIIBI A .

Ecnu xe cummerpuyHas MaTpuiia A—BBIPOXKICHHAS U UMEET PaHT r, TO N—r
€€ COOCTBEHHBIX 3HAYEHUI paBHBI HYIIIO.

Ilycte A #0, qnst i=12,---,r 1 A4 =0, 1d i =r+1r+2,---,n. bygem nonarars,
yto cucreMa (1.5.8) pazpemmma u npu aTom f," =0 s

i=r+1r+2,---,n.
ITycTh B cHcTeMe BMeCTO A M f 3aJaHBI UX IPHOTIKEHHS AH f
A <h. [F-1] <o

rac

el el
M- {za s -{z e} (159)
1] 1
Tornma A (coOGCTBEHHBIE 3HAYEHHSA MATPHUIIBI A ) HEIIPEPHIBHO 3aBHCAT OT A TI0

nopme (1.5.9). Otcrona cieayer, uto COOCTBEHHbIE 3HAYCHUS A, A ,,,-+ A, OYyIyT

CKOJIb YTOJTHO MaJIBIMH MPH IOCTATOYHO MaJbIX h, o 1 X' == f",

>

i=r+1r+2,---,n. OTO 03HAYAET, YTO HAWJIyTCA BO3MYIIECHUS CUCTEMBI B IIpeenax
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JT1000# TOCTATOYHO MAJION OTPEITHOCTA A U f , IJIST KOTOPBIX HEKOTOPHIE X,
OyayT IpHHUMATH JIFOOBIC HAIepe 1 3aIaHHbIe 3HaUeHUs [75].
Takum oOpazoM, 3aaua HAXOXKJAEHUsS (MOCTPOCHMS) HOPMAJILHOTO PEIICHUs

cuctemsbl (1.5.8) sBaseTcss HEYCTOMUUBOM.

§6. Onmumanvnan punempayus cay4ainplx nomex 6 OUHAMUYUECKUX
cucmemax

Ha npakTuke 4acTo BO3HUKAIOT 33/1a4d OINPEICICHHS] COCTOSIHUSI CUCTEMBbI
Mo pe3yibTaTaM Hu3MepeHuil. M3MepeHus Bcerga COMpOBOXKIAIOTCS CIy4alHbIMU
OIIMOKaMH, TIOITOMY CJIEAYET TOBOPUTH HE 00 OINPEACIICHUN COCTOSIHUSI CUCTEMBI,
a 00 ero OIleHMBAaHUU MTyTEM CTOXAaCTUUYECKON 00pabOTKU PE3yIbTaTOB U3MEPEHUM.

[TycTh MOBEICHHE CHCTEMBI OITUCHIBACTCS CTOXACTUICCKUMH YPABHEHUSIMH.

2=p(z,t) +w(z,t)y, (1.6.1)
II€ zZ— p- MEPHBIA BEKTOP COCTOSIHUS CHUCTEMBI, V,—(- MEPHBIA BEKTOPHBIN
Oenblii mym, ¢(z,t), w(z,t) — U3BECTHBIC (PYHKIIUU COCTOSIHUSI CUCTEMbI U BPEMEHH.
3HadueHWsIMU (QYHKIHH ¢@(z,t) CIy’)KaT p — MEpPHBIE BEKTOPHI, a 3HAYCHUSIMU
byHKUMKA w(z,t)— MaTpHUIbl pa3Mepa pxd(31ech COXpaHEHbl 00O3HAYEHHUS W3
[58]).

Ecnu BekTOp COCTOSIHUS CHCTEMBI Z HEMPEPHIBHO H3MEPSETCS, TO
pe3ynbTaToM  M3MepeHus OyAeT P — MepHbIM  ciay4ailHelii  mpouecc
X(t)=z(t)+u(t), toe u(t) - ommOka W3MEpPEHMs, TMpeaAcTaBiAomas coboi
CIIy4aiiHYIO (PYHKIIUIO BPEMEHH.

[TycTh BEKTOpPHBIN CITy9aiHBIN IpoIiecc [yT,zT]T OTIPEICIISCTCS CUCTEMOM
CTOXACTUYECKUX AUPPepeHIIUaTbHBIX YPABHEHUI:

dy = @, (y, 2, t)dt +y, (y, )dw, (1.6.2)
dz = @(y, z,t)dt + w(y, z,t)dw, o

rae Y — m- mepHas HaOmro/laeMasi KOMIIOHEHTa, a Z — P- MEpHasi HeHa0ojaeMas

KOMIIOHEHTA 3TOro mpounecca, W, w,-COOTBETCTBEHHO M M (- MEPHBIC IPOLECCHI C
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HE3aBUCHUMBIMHU IpHUpalleHuIMH, ¢ (Y,z,t), ¢(y,z,t) - HU3BECTHBIE BEKTOPHBIE
byHKIIUM,  OTOOpaXKarolue  MpPOCTPAHCTBO  R™xRP xR COOTBETCTBEHHO B
npoctpanctea R™ u RP, a  y,(y,z,t) u  w(y,z,t) - U3BECTHBIC MATPUYHBIEC
dbyukiuu, otodpaxaromue R™xRPxR B R™ u R cooTBeTcTBeHHBI. TpedyeTcs
OLICHUTh BEKTOP COCTOSIHUS Z B JIIOOOM MOMEHT t>t, 1O pe3yiabTaTam
HENPEPLIBHOTO HAOJIIOIEHNUS TIpollecca Y B MHTEPBaJIe BpEMEHH |t,,t].

CdopmynmupoBaHHas 3aada Ha3bpIBaeTCs 3aaueil PUIbTpaliuy, TaKk Kak OHa
pelaercsa MmyTeM MNpOIyCKaHus HaOJ01aeMoro curxaia y(t) depe3 yCTpOWCTBO,
Ha3blBaeMoe  (GUIBTPOM, MpeAHa3HauYeHHOEe Ui  «(UIbTpaluuy  OMEXHU
v, (y,t)dw, (t) 1 moimy4dyeHUs Ha BBIXOAE IIpoliecca z(t), B ONPEACICHHOM CMBICIIE
MaKCHUMAJILHO TOYHO BOCIIPOU3BOIAIIIEM IIpOLECC z(t).

EctecTBeHHBIM KpUTCpUCM OIITUMAJIBHOCTHU BO MHOI'uX 3agadax
MaTE€MaTHYECKOM CTaTUCTUKU CIIYyKUT KpI/ITCpI/Iﬁ MHUHHUMYMa CPCOHCTO KBaaparTa

OIIHOKHU:
= 2 .
M|z -2Z|" =min.
OGOo3HAYMM Yepe3 Y, COBOKYIMHOCTH 3HAYCHHMII HaOJII0aeMOro Iporecca B
. t .
MHTEpBase BpeMeHH [ty t]: y; ={y(z) 7 e[t t]}:
3agadyy ONTMMAIbHOW (UIBTPALMU YIAETCS PEIMTH J0 KOHLA B CIydae

JIMHEWHBIX YPaBHEHUN

dy = (by + b,z + b, )dt + 7, dw,,
dz = (ay + a,z + a, )dt + ydw,

rae kod(pdUIMeHTsl a,a,,a,,b,b by, uy, B obmem ciydae 3aBucar ot t. B atom
cllydae pachpejelieHue Mporecca [yT ) ,z' () ] HOPMaJIbHO TIPH HOPMaJIbHOM
pacmpesicicHHd €ro HadaJlbHOTO 3HAYCHUS [yg,zg]T. Torma, u amocrepuopHoe

pacupeneseHue BEKTOpa COCTOSHUS CHUCTEMBI Z HOPMAJIbHO OTHOCHUTEIIBHO
HaOar0IaeMoro mpormecca y(t) W IS €ro  ONPEeACiCHUS JIOCTaTOYHO HaWTH

aIIOCTCPHUOPHOC MATCMATUICCKOC O KNAAHHNC Zu KOBapHAallMOHHYIO MaTPpHUIly R.
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B sToM ciydyae ontumaneHbIi GUILTp, Ha3zpiBaeMblil GpunbTpoM Kammana-berocu,

HUMCCT BU:

dz = (ay +a,2 + a, )dt + (R} +ywou] Ny yow] | [dy —(oy +b,z +b, )dt], (1.6.3)
rae R yIoBIETBOPSET BEKTOpHOMY auddepeHIInaIbHOMY YPaBHEHUIO
dR = [alR +Ra; +yoy' — (RblT +yoy, Xl//lw//lT )71 : (bR +yop’ )}it (1.6.4)
Takum o6pazom, ypaBaenus (1.6.3), (1.6.4) mo3BOIAIOT HANTH ONTUMAJILHYIO
OLIEHKY Z BEKTOpa COCTOSHHUS CHCTEMBI Z U €0 allOCTEPHOPHYIO KOBapUAI[HOHHYIO
MaTpuIly R, XapaKkTepu3yIIy TOYHOCTh OLICHKH Z .
Vpasuenue (1.6.4) He comepkWT Z WU, CIEIOBATEIHLHO, MOXET OBITH

MPOUHTETPUPOBAHO OTAEILHO. OnpeaenuB R, MOXXHO HaTH

B =(Ro] +yoy! Nwwp! | (1.6.5)

H OIIPpCACIUTDL OLICHKY z BCKTOpPa COCTOSAHUA CUCTEMBI Z.

dz = (ay +a,Z +a, )dt + B[dy — (by + b,z + b, )dt]. (1.6.6)
CootHomienus (1.6.5) u (1.6.6) MOTHOCTBHIO pEIAIOT 33734y ONTHMAIBLHOIO
OLICHUBAHUS COCTOSIHUSI IMHEWHON CUCTEMBI, T.€. 3aJa4y JJMHEHHON (UIbTpalluu.

OTH ypaBHEHUs ObLTH BIepBbIe oay4YeHbl KaimanoM u berocu mpu a=b =0 [58].

§ 7. Memooul peutenus HeKOPPeKnHO ROCHAGIEHHBIX 3a0aY

7.1. Metoa peryasipuszanuu mo A. H. TuxoHoBy
Merton perynspuzauuu 1o THUXOHOBY SABISETCS JAJbHEHUIIUM Pa3BUTHEM

Merona HaumMeHblux kBaaparoB (MHK) Taycca m mertonma mceBmooOpatHOM
matpunbl (MITIOM) Mypa - Ilenpoysa. PaccMoTpuM MeTon peryispuszaniu
NPUMEHHUTEIBHO K ONEPaTOPHOMY ypaBHeHHIO [68]:

Ay=1, yel, fel, (1.7.1)

rne A - JTUHCHHBIA BIIOJHE HENPEPBIBHBIA orepatop, f - 3amanHas (yHkmwms,

Y - HCKOMOE peimieHre. BmecTo TouHbIX BbIpakeHHd f M A4 H3BECTHBI HX

npubmixenus f u A Takue, uTo
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Hf—f

=

rae 0 > 0 u ¢ > 0 —norpemHocTy npaBod yactu f u omepatopa A (TOYHBIE MX

<5, (1.7.2)

L

<é&, (1.7.3)

L

BEpXHHE OLEHKH). B 3TOM ciyuae (1.7.1) npunumaer Bua:
Af/:f, yel,, feLz. (1.7.4)

B nanpHeimem (s ynpouieHus 3amucu) OyJeM HCIOJb30BaTh ypaBHCHHE
(1.7.1), mompa3zymeBasi, 4YTO B JICHCTBUTCIBHOCTH pPAacCMaTPHBACTCS YpaBHCHHE
(1.7.4).

Meton perynspuzanuu 1o TUXOHOBY TpeOyeT BBIIIOJIHEHUS JBYX YCIIOBHUM:
ycnoBusi MUHUMYyMa HeBs3kH, kak B MHK T'aycca, u yciioBuss MUHUMyMa HOPMBI
pemenusi, kak B MIIOM Mypa - Ilenpoy3a. UToObl BBINOMHSUIUCH 3TH JIBA

YCJIOBUS, HEOOXOJUMO PEIIUTh CIEAYIOUIYIO0 3a/Jadyy YCJIOBHONW MUHHUMM3AIINH,

pelIaemMyro METOAOM HEOIPEICIICHHBIX MHOXUTENEeH Jlarpanxka:

oy~ 1%, +alylf, = min, (175

31ech « >0 — napameTp, SABJIIOLINICS HEONPEAEICHHBIM MHOXHTENIEM Jlarpanika.
Ero mnpunsTto Ha3pBaTh napamerpoMm peryispuzauun. W3 (1.7.5) BeITekaer
ypaBHeHue Tuxonosa [75]:
(ad E+A4"A4)y, =4"f, (1.7.6)
rae E — equHnuHbIl onepatop: Ey=y, yel,.
Ectu o = 0, to Meron perymgpuzaunu 1no TuxonoBy nepexoautr B MHK

l'aycca ¢ kpallHE HEYCTOMYMBBIM PEIICHUEM, HO MHWHHUMAJIbHOW HEBS3KOU
Ay 1.
C yBenmMueHHWEM K€ « peUIeHWe Yy, CTAaHOBHUTCS OoJjiee TJIaJKUM H
ycroiunBeiM [68].
Ecin 8,¢e >0, Toa—0n
yzm(aEJrA*A)—lA*f =Af. (1.7.7)
TakuMm o0pa3zoM, MeToa peryispusanuu TuxoHOBa sBseTcS 0000IIeHHEeM

METO/Ia HAaMMEHBIIMX KBaapaTtoB ['aycca m Merona MceBIoo0paTHOro oreparopa
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Mypa-Ilenpoy3a. Meron perymgpusauud 10 THXOHOBY yCTOMYHMB, T.€.
KOPPEKTHOCTh MO AJaMapy BBINOJHIETCS, W 3Ta yCTOMYMBOCTH OOYCIIOBIICHA
cremylommMu  obcrositensetBamu.  Omepatop A A B (1.7.6)  sBusercs
MOJIOKUTEIBHO OIpPENETICHHBIM, IO3TOMY BCE €ro COOCTBEHHBIE 3HAYCHUS

BEIECTBEHHBI M HeOTpHIATEIbHBL: A4 (A'A) >0, A (A"A)=0.

min
Hanmame crmaraemoro oF B (1.7.6) yBennunBaer Bce 3Hadenust A (A A) Ha
o, onepatop oF + A"A CTaHOBHTCS OOPATHMBIM, MPHUEM
| (@E+AA)?|=1/a=ow.

3agava noctpoeHus peieHus (7.6) siBIsEeTCs] yCTOUUUBOM.
Pemrenue ypaBaenus (1.7.6) umeet BUI:
Vo= (0 E+A" A) A" T (1.7.8)
B ©Oonee oOmeM ciiydyae 0OpH MCHOJb30BAaHUM METOAA PETyJSIpU3aLUU

TuxonoBa BmecTo (1.7.5) paccmaTpuBarot 3a1aqy

Ay =1 +a Jy -y =min, (1.7.9)

I7ie \y— HauvajgbHOE MpUOJIMKEHUE peuleHusd y. Torga npuOIMKEHHOE pelIeHHe
IPUHUMAIOT BUI:
Vo =yt (0 E+A A 'A™ (F— 4 ). (1.7.10)

Kak nmokasbiBaeT aHaJIu3 pelieHrs O0MbIIOro YUciaa MPUKIAIHBIX 337a4 METO
perynspusauuyu 1o THUXOHOBY, HECMOTpPsS Ha TO, YTO OH HCIOJIB3YET MUHHUMYM
anpuopHoit wmHpopmanuu (3HAYCHHs TorpemHocTed o, & W HaYaJIbHOTO
NpUOJIMKCHUST y pelleHus Yy ), sBisgeTcs S((EKTUBHBIM METOJOM PCIICHHUS
HEKOPPEKTHO IMOCTaB/ICHHBIX 3a/1a4.

OueHp yAOOHBIM NpPU HM3YYEHUM HEKOPPEKTHO IOCTABJIEHHBIX 3aJad CO
CIIy4ailHBIMM TOMEXaMH SBJSIOTCS METOJAbl ONTHUMAJIBHOM  (PUIBTpanuu 3THX
noMex: metonsl Kanmana—berocu n BuHepa, ncnosb3yromue cpein yCTOWYNBBIX
METO/IOB MOCTPOCHMS PEIICHU HEKOPPEKTHO MOCTABJIEHHBIX 3a/a4, HauOoJbllee
KOJIMYECTBO anmpuopHou nHpopManuu: B Metoae Kanmana-briocu — nndopmaruio

O KOBapHalnuAgax CJ'Iy‘-IElfIHBIX OIMOOK M MaTeMaTHYECKHX OXHAaHHAX npaBoﬁ qaCTu
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U peueHus, a B Meroje BuHepa — O CHEKTpalbHBIX IUIOTHOCTAX MOIIHOCTEH

IIyMOB.

7.2. IlocTpoeHue ONTHMAJILHO OLIEHKHU pellleHUs1 CUCTeMbI JIMHEHHbBIX
ajire0pan4ecKUuX ypaBHEHHH ¢ MOMOIIbIO OJHOIIATOBOI0 puiabTpa Kanmana-
brrocu

PaccMoTpuM cucteMy JTMHEHHBIX alreOpandecKux ypaBHEHHM
Ay +v =T, (1.7.11)

N

Zn:aij-yj +v,=f, i=1m, (1.7.12)
=1

rie A — marpuiia pazmepa mxn,
Y — UCKOMBII BEKTOP Pa3MEPHOCTH N,
f — u3MepseMbIif BEKTOP- CTOJIOCI] pa3MEpPHOCTH M,
V — BEKTOP-CTOJIOEI] CITy4ailHhIX TOMEX Pa3MEPHOCTH M.
[IpennonaratroTcs BHIMOIHEHHBIMU CIIEIYIONIUE MPEINOI0KECHUS.

1) MaremaTtudeckoe OXXHUIaHHuC CquaﬁHOFO BCKTOpa V paBHO HYJIIO.

E[v]s<v>:éim Zv =0, i=1m, (1.7.13)

rae ¢ — HOMEp pealiv3alyy UM SKCIIEPUMEHTA,
Q — ymucio peanm3anuii CIydaitHOTO mporecca V.
2) 3ajmaHa CUMMETPUYHAsl MOJOXUTEIBHO OMpPEAENIeHHass MXM —MaTpuia —
KOBapHualuii ommooK
R=E[vV], (1.7.14)
WIH

L =lim = Zv,gvIg i,l=1m. (1.7.15)

Q—)oo

Kaxnpiii  nuaroHalbHBIM ~ 3JeMEHT  MaTtpuilbl R ecTh  KBajapar
CpeIHEKBaApaTUIECKON morpemHoctd wu3Mmepenus fi , 1.e. R;j=d67=0;, a
HeMaroHalbHbINA 37eMeHT Rj), | # |, onpeenseT Koppensiuio MOrpenHoCTe Vi u
V.
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3) 3amaH BEKTOp pa3MEpPHOCTH N

v =E[y]- (1.7.16)

—MaTCMAaTHYCCKOC OXHNIaHUC (Ha‘{aHLHOG HpI/I6JII/I)K€HI/IC, alIpuopHast OH€HKa)

BEKTOPA )
1 R
W :élmoagz_;ng, j=1n. (1.7.17)
4) 3agaHa CHMMETPHYHAs, MOJOXKHUTEILHO OIMpeacIIeHHass pa3Mepa N XN

MaTpulila KOBapualuii OIMOOK PEIICHUS Y :

M=E[(y-y)(y-v)] (1.7.18)
[Tycth TpeOyercs HaiiT oueHKy § pemeHus y u3 (1.7.11), onpenensiemyro
U3 YCIIOBUS:

(Ay = 1) RH(AY = )+ (y =p) M (y —y) > min. (1.7.19)

13 (1.7.19) [68] cnenyer, uTo:
J=y+(M™*+ATRTA)TATRY(f —Ayp), (1.7.20)
OprYeM aroCTepUOpHas MaTpuila KoBapwamuii omuOOK R pasmepa nxn

OHpeacIsICTCA COOTHOLICHHUCM.

R=E[(y-Y)J-VY)']=(M"+A'R*A)". (1.7.21)

7.3. CpaBHUTEJILHBIN aHAJN3 OLIEHOK, MOJY4YaeMbIX ¢ TOMOIIbIO
oaHowarosoro puiasrpa Kanmana-berocn u MeToaoM peryjsipuzauuu
TuxoHoBa

Ecan A, y Hu f BCIICCTBCHHO3HAYHBI, TO YCIIOBUC MHHUMHU3ALIKUN B MCTOJC

perynspusanui THXOHOBA MOKHO 3aIIMCaTh B BHJIE
(Ay- )" (Ay— ) +aly—w)" (y—w) - min . (1.7.22)
y

CpaBuuBas (1.7.19) wu (1.7.22) 3akmoyaem, YTO pOJIb 0O HIPaeT
(cumBoamueckn) R/M. Hambonee OTYETIMBO CpPaBHUTEIBHBIA aHAIN3 METOIOB

Kanmana u TuxoHOBa MOXHO MPOBECTH B CiTy4yae, Korjaa

M=¢E, R=6E, (1.7.23)
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re € U O— almpHOpHBIC CPEAHEKBAIPATUYCCKHE OMIMOKH DPEHICHHS YW TPaBOi
gactu f w3 (7.11), E- emuHwuHas Matpuiia. B 3ToM cinydae omeHKa y perieHus

y , monydeHHas merogoM Kanmana-brrocu nmeer Bua:
52
9:1//+(—ZE+ATA)’1AT(f -Ay), (1.7.24)
&
a aroCTepUOPHAs MAaTPHUIla KOBapUaIlUK OIMMOOK PEIICHHsI Y paBHA
2
2 _

Ecnu xe onenka y, pemenus y u3 (1.7.11) ctpouTcs METOIOM peryisipu3aliu
TuxoHoBa, TO OHA UMEET BUJI:

y, =y +(E+ATA)TAT(f - Ay). (1.7.26)
CpaBuenue (1.7.24) u (1.7.26) noka3siBaeT, 4TO

52

7
&

o

(1.7.27)

[Ipn mamHOM o wMeronasl Kanmana-betocm m THXOHOBa [MarOT cOBHAAArOIINE

(omMHaKOBBIE) OICHKH, T.. Yy, =Y. I[Ipu 53TOM, amocTepuopHas MaTpHIa

KOBapI/IaIII/IfI OIHI/I6OK PCUICHUA paBHA
P =5*(E+A A (1.7.28)

U3 (1.7.28) cnenyet, 9To

o
FSAEN A Sﬁ' (1.7.29)

7.4. MuoromaroBblii (MHOTOKpaTHbIN) puiabTp Kanmana-bbrocu
s ogHOMIAroBOTO TMpolecca (KOTJa WMEeTCs JHUIIb OJHA pealu3aius

BekTopa f) TpeboBaHKe 00 anpPUOPHOM 3aJaHUM BEJIMYUH Y U M, copepikaiieecs B
merone Kanmana, TpyaHo BbimosHuMo. Ilostomy ¢unetp Kanmana-berocu
OOBIYHO MPUMEHSETCA 111 MHOTOLIATOBBIX MIPOLIECCOB (/151 KOTOPBIX B Pa3IM4HbIE
MOMEHTBHI BpEMEHH t HMeeM pasiuuHble peanuzauuu f, mpu stom y u M
UTEpPaTUBHO YTOUHsIOTCA). OOm@as cxema UCHOJIb30BaHUS Ha IPAKTHKE

MHoroI1aroporo ¢puisTpa Kaamana BeINISIUT ciaeayonmm oopazom [68].
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W3 anpuopHBIX cO0Opak€HUH BBIOMPAIOTCS HAYaIbHBIC TPHOIMHKCHUS IS

pelieHusl y, =y M MaTpHIlbl KOBapHaluui ommook pemenus Py =M . Jlns BeiOopa

HavyaJbHbBIX NPUOJIMKEHUN MOKHO UCMOJIb30BAaTh METO/I pEryisipu3anuu TUXOHOBA
1 TIOJIOKHUTD :
Y, =(¢E+A"A)*A'f, (1.7.30)
P=06(adE+A"A)™. (1.7.31)
[Tocnenyronue NpUOTUKEHUS OMNPEACISIIOTCS MO CIEAYIONIEH HTEepallMOHHON
cXeMe:
Ve = Vs + (PA+ ATRIA)TATRA(f, — Ay, ), (1.7.32)
P =(PL+ARIA)?, k=123.. (1.7.33)
Muoromaroseii  ¢unetp  Kanmana-betocu — oGnamaer  OoibIIMMU
BO3MOXXHOCTSIMU  OOpa0OTKH  pPE3yJIbTaTOB HM3MEPECHHM II0 CpPaBHEHUIO C
OJIHOIIIArOBBIM, HO OH TPeOYyeT 3HAYUTEIbHBIX 10 00BEMY JaHHBIX O pe3yJbTaTax
HaOIIOICHUH.
BriBoablI Kk riase |
B niepBoii r71aBe U3105K€HBI OCHOBHBIE CBEACHUS O MAaTEMaTUYECKUX MOJEIISIX
JleontseBa, Colioy, MaT€eMaTHYECKOW MOJEIM MHKPOIKOHOMHUKH, MOJAENISAX W3
owonoruu, ¢uiabTpax Kammana - bblocw, NpuUMEHSEMBIX [JIs TI0JaBJICHUS
CIIy4yallHbIX MOMEX B JIMHEUHBIX aJIreOpanvecKuX YPaBHEHUSX M CTOXACTHYECKUX
cucremax. [IpuBeneHbI B MOIPOOHO OMKCAHBI: YPABHEHUS COOTHOIIICHHS OanaHca B
PKOHOMMYECKON Mojenu JleoHTheBa, MoOAeNb 3KOHOMHUYECKOro pocta Coroy,
3agava Komm
a=const >0

u=au

u@0,t)=9(t), ul(0,t)=et),0<t<T,
u(x, 0)=1z(x), 0<x<I, #(0)=¢(0),
KOTOpast 4aCTO UCMOJb3YETCsl B MATEMATHUYECKOU OMOJIOTHH.
B sroii ke rnaBe omucaH mMeToA peryispuzanuu (1o TUXOHOBY) pelieHus
ONEPATOPHOTO YPABHEHHS

Ay:f, yELgy fe L27
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rne A - TMHeWHBIN BIIOJHE HENPEepBIBHBIN oreparop, f - 3amanHas mpaBas 4acTh,
¥ - HICKOMOE€ PEILICHHUE.
DT pe3ynbTarhl OyIyT UCIOJIB30BAHBI B MOCIEAYIOIUX I1aBax JJIs aHaIu3a

HN3y49aCMbIX 3aJia4.

Bonpocsl 1j11 caMonpoBepKu
1. Kakoe ypaBHEHHE HA3bIBACTCS YpPABHEHUEM JIMHEHHOTO MEXOTPACIEBOTO
Oamanca?
Kaxkast maTpunia Ha3bIBa€TCs MPOAYKTUBHON?
[aiiTe onpeaeneHne 0JHOCEKTOPHOU S3KOHOMHUKH.
Kakoe ypaBHEHHE Ha3bIBAETCS] YPABHEHUEM TEILIONPOBOAHOCTH?
B 4em cytb 3anaun Topuin?
Kakas 3aaua Ha3bpIBa€TCA KOPPEKTHO MOCTABIECHHOM ?
Kaoe pelieHne Ha3pIBaeTCs pETyJSIPHBIM?

UTto Ha3bIBaeTCS ONTUMAILHON (GUIbTpALIUCi?

© ©o N o 00k~ WD

Uem otnmyaroTcs MEKIy co0oit ogHomaroBsiii puibtp Kanimana-berocu ot
MeToJa peryispu3auun TuxoHosa?

YupaxHeHus

37



TJABA |l. KOPPEKTHOCTh MATEMATHYECKNX MOJIEJIEM,
OIMMCBHIBAIOIMX MUKPO - U MAKPODKOHOMMYECKHUE
MPOLIECCHI

§1. KoppekmHocmb 6anaHcoeoli modenu JleoHmbeesa

BBegem  HekoTOpble  BaXKHBIE  OINPEICIICHHS,  HUCIOJb3yeMble  IIPH

JI0Ka3aTeNbCTBE MPUBOUMON HUKE TEOPEMBI.
Onpenenenne 1 [53]. Konycom Ha3pIBaeTCs MHOMXKECTBO K, 3JIEMEHTHI

KOTOPOTO yIOBJIETBOPSIOT CIACAYIONIUM aKCUOMAaM:
1°. U3 xeKwu t>0, rne t- ckaisgpHas BeIMYUHA, CIEAYET, uTo X e K ;
2°. I3 xeKu yeK crnenyert, 4To x+yeK;
3°. U3 xe Ku x=0caeayer, 9to —x ¢ K ;
4°, MHOXECTBO K 3aMKHYTO IO HOpMe 0OaHaxoBa MPOCTPAHCTBA E, T. €. mpeaen
Ar000H  cxondIeiicss MOCHeAOBATEIbHOCTH 3JIEMEHTOB MHOXKecTBa K Takke
IPUHAJJICKUT MHOXKECTBY K.

Omnpenenenue 2 . Ilyctb A—mMarpunma pasmepa sxs. OLIEHKOM HOPMBI

MaTpUIBl A Ha3bIBAacTCS YHCIO |A|, obIanaromiee CIeayONMMI CBOHCTBAMHL.

1°. Jlyist mo0oi MaTpHIlbl A pa3Mepa Sx s

|A=0.

npudeM |A|=0Torga u TOJNBKO TOrAa, Korga A=0, T. €. Koraa A-—HyJIb MaTpHIa
pa3mepa sxs.

2" |28 =12 1A, (A= (). 1.5 =15,
IS TF0OOTO TOJI0KUTENBHOTO YUCia A, Ilie AA—MaTpula ¢ dJIEMEHTaMH (4a;) .

3 |A+B] <A +[B|
Uit moObIX ByX marpuil AuB. Ilpu 3TOM moa cymmoil A+B JBYX MaTpull
A=(a;), B=(b;) (] =1,_s) MOHMMAETCSl MaTpHIa ¢ dJIEMEHTaMu (g; +b;).

4°, IMeeT MeCTO HepaBEHCTBO:

] < A ]

U1 1F000r0 X € R®.
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Omnpenesienne 2. TouHas HUKHSSA TPaHb BCEX OLEHOK HOPMBI MaTpULIbl A

Ha3bIBACTCSI HOPMOW MaTpuIbl A 1 0003Ha4aeTcs (KaK U OIleHKa) depes | A .

Onpenenenue 3. Ilyctb E- pOCTPaHCTBO C KOHYCOM K, COJEpKAIIUM
KBa3UBHYTPEHHUE DIIEMEHTHI, A - JMHEHHBIA MOJIOKUTEIbHBIM OTHOCUTEIBHO
KoHyca K omeparop. Onepatop A Ha30BaETCS HEPA3JIOKUMBIM ONEPATOPOM, €CIU
U3 HEPABEHCTB

ax = Ax, x>0,
CIIEIyeT, YTO X—KBAa3WBHYTPEHHHU AJIEMEHT K, IJe a—HEKOTOPOe JOCTATOYHO
00JbIII0E YHCII0, a>0.
B uactHOoM ciywae, korja A HEOTpHUIATENIbHAs MaTpulla, OmpenaesieHue 3
MIEPEXOAUT B ONPECIICHUE HEPA3IOKIUMOU MAaTPHUIIBI.

Omnpenesenune 4. Ilyctb A-mMarpuna pasmepa sxs. Ywucio p(A),

OTIPEJIEIISIEMOE BhIPAKECHUEM

p(A) =sup{A},
rie A, — COOCTBEHHBbIC 3HAYEHUS MATPHUIBI A, HAa3bIBAaCTCS CICKTPATHHBIM
paguycoM 3TOU MAaTPHIIBIL.

PaccmoTpum Mmozaens JIeontreBa (cM. 1. 1.1):

X=AX+f , x>0, (2.1.1)
rae A>0, wmarpuia pasMepa SXS, f eK - BekTop- cTonder pasmepa S.
Teopema 2. 1.1 [53]. ITycTh BBINOJIHEHO YCIOBHE
p(A) <1. (2.1.2)
Torma momens (2.1.1) uMeeT U TPUTOM €TUHCTBEHHOE HEOTPUIIATCILHOE PEIICHUE
X =x"(f). IIpu stom x*(f) >>0, ecau oneparop AHepasnoxum,a f >0.

JlokazaTenbcTtBo. A Tak Kak BeIMoOJHSAETCS yciioBue (2.1.2), To cymiecTByeT

Takoe £ >0, 4To

P(A) + ¢ <1. (2.1.3)
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Bocmonb3yemcs yreepkaenneM u3 [53]: mo 3anaHHOMY 4uClTy & >0 MOKHO BBECTH
B MPOCTPAHCTBE E TaKyl0 HOBYIO HOpPMY || , KOTopas SKBHMBaleHTHAa HCXOIHO
HOpMe || ¥ yZoBieTBopsieT ycioBHIO!
A, < p(A)+e<1. (2.1.4)
[Tocnennee o3Havaer, 4To B 3TOM HOBOIl HOPME OIIEPATOP
BX = AX + f (2.1.5)
ABJISIETCS OIIEPATOPOM CKATHS. JIeMCTBUTENIBHO,
|BX, - BX, |, = |A%, + f — (A%, + | = | 2.16)
- ||A>‘<1 B A>_<z||1 - ||A()‘(1 - )_(2)”1 < ||A”1||)_(1 —X ” < q”)_(l B )_(2”
Tak kak E -IOJHOE HOPMHPOBAHHOE MPOCTPAHCTBO B MCXOAHOW HOpPME, TO B
MMeeT B E eIMHCTBEHHYIO HEMOIBIKHYIO TOUKY X* =X*(f), K 3TOH HEIOIBIXHON
TOYKE CXOAHUTCSA MOCIEIOBATENBHOCTh x, , I0JdydaeMas C HOMOINBIO MeETona
MOCIIC0BATEIBHBIX MPUOTNKCHHI
X.,=BX, m=01-- (2.1.7)
npu JitoOOM HadajabHOM NpUONMXKEHUH X, € E. Bpibepem X, € K, Torma B cuiy
(2.1.5) omeparop B —TIOJ0XKHTEJICH, a 3TO 0O3HAYACT, YTO Ha ocHOBaHuM (2.1.7) Bce
3JIEMEHTHI NocieoBareabHocTu (2.1.7) npuHaanexar konycy K, a 3HauuT, B BUAY
3aMKHYTOCTH K , IPHHAUIEKUT KOHYCy K W mpemen X* =X"(f).
[lepexons B (2.1.7) x mpeneny mpu m —» oo, MOIYIHM:

X" =BX",

R = AX 4+ T . (2.1.8)
Ocraercs 10Ka3ath, uTo X'(f)>>0 B Ciydae Hepas3I0KHMOIO oreparopa A
u f>0. B cuny (21.8) mpu >0, X*>0 ¥ X" >AX" U U3 HEPA3JIOKUMOIO
oIepaTopa UMEEM:
X">>0. b

[lepenumem (2.1.1) B Buze:

(E—A)x=f,
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rae E — enuHuyHas Matpuua pasmepa sxs. CorjiacHo pesynbTraram, U3JI0KEHHBIM
B 1 .2.1.5, pemenne x Monenu JleoHTheBa OyJeT YCTOHUMBBIM, ecau MaTpuia E-A4
aBisgercs: oOycinoBieHHON. OTcrola U M3 JOKa3aHHOW TEOpeMbl MOJydaeM
CHEAYIOIINMN PE3YIbTAT.

Teopema 2.1.2. IlycTh BbINOJMHEHBI yciaoBUs Teopembl 2.1.1, maTpuna E-A
sBysieTcst 00ycimoBiaeHHOW. Torma moaens JleontheBa (2.1.1) sBHsIeTCS KOPPEKTHO

IOCTABJIEHHOM.

§ 2. Koppexmnocmo ounamuueckoii mooenu Jleonmoesa

Jlunamudeckass Mozenb JleoHTheBa TMpEACTaBIIET COOOM  CHUCTEMY

i pepeHunanbHbIX ypaBHEHUH |5 |

y(t)zK(t)dZ—Et)+6(t), te[o,T}], (2.2.1)
y(0)=y,, (22.2)

rae y(t) — BEKTOP-CTOJIOCI] HAI[MOHAJIBHOTO J0XO0Ja Pa3MEpPHOCTH 7, K(t) -
MaTpuiia pasmepa nxn KOIPGUIUEHTOB TOJTHBIX 3aTpaT MPOU3BOJICTBEHHBIX
HAKOTUICHWH Ha €TMHUYHBIE IIPUPOCTHI AIIEMEHTOB HCIIOIh3yEeMOT0 J0X0/1a,
K(t)=(E - At)™B({), C{t)=(E-Al) ™ c(t) (2.2.3)

A(t) — MaTpuia Ko3QQPUUUEHTOB NPSMBIX MaTEPUAIbHBIX 3aTparT, B(t) — MaTpuua
KOA(OUIIMEHTOB TMPOM3BOACTBEHHOTO HAKOIUICHWS Ha €AWHHUIly TPUpOCTa
COOTBETCTBYIOIIUX BUJIOB MPOAYKIIUH, C(t) — BEKTOP-CTOJOCI] TOTpeOIeHUS
pazMepHocTH 1, E — equHMuHas mMaTpuua.

W3yunm 3amady: HaWTH YCJIOBHUA, BBIOJHEHHWE KOTOPBIX TapaHTHUPYET
(obecrieunBaeT) CyLIECTBOBAHHE M €AMHCTBEHHOCTh HEOTPHUIATEILHOTO PEILECHUs
3amaum (2.2.1), (2.2.2) (T.e. rapaHTHPYET pa3pelImMOCTh ITOW 3a7adu), a TaK Ke
HENPEPBIBHYIO 3aBUCHUMOCTH JTOT'O PEIICHUS OT K(t), C(t), y, (r.e. perienue
YCTOMYMBO K HU3MEHEHUSM OHTUX Kod3(pPuiueHtoB). OTu ycioBus OyAyT
rapaHTUpPOBaTh KOPPEKTHOCTH (2.2.1), (2.2.2.).

Ilycte B ™Momenu (2.2.1), (2.2.2) wmarpuna K(t) uMeeT OoOpaTHYIo,
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HenpepsiBHYyI0 MaTpuily K (t)B Kaaslii MOMeHT t e[t,,T]. Toraa moaens (2.2.1),

(2.2.2) MOXHO TIepenucarh B BUJIE:

Yok gy-KkIece, (22.4)

y(0)=y,. (2.2.5)
Hns cuctemsl (2.2.4) B obmactu D =[0,T]xR" BBIINOJIHEHBI yCIOBUSI TeopeMbl 4.1
(teopembl Komun) u3 [1] o CylliecTBOBaHMM U €AUHCTBEHHOCTH PEIICHHUS, €CIIU
K™(t), C(t) menpepbiBubI mpu  te[0,T]. KpoMe TOro, mpu BBINOJIHEHUM 3THX
yCIOBUH OyayT BBINIOJHEHBI yclioBus cieacTBus 4.1 u3z [1] o HempepbIBHOM
3aBUCUMOCTH pelieHus Y(t) OT HayaJbHBIX YCIOBHUU Yy, U cieactBus 4.2 u3 [1] o
HENPEPBIBHOM 3aBUCUMOCTH y oT K (t) m K(t) C(t).
CrnenoBaresibHO, UMEET MECTO CJIEAYIONIEE YTBEPKICHHE.
Teopema 2.2.1. ITycts B mMomenu JleontheBa (2.2.1) C(t) HempepbiBHA B
[O,T], K(t) uMeeT HenpepbiBHYIO B [0,T] 0OpaTHyro Marpuiy K (t). Torma Mozmens

(2.2.1), (2.2.2) sBusieTcst KOppeKTHOM B 0OacTu D =[0,T]xR".

§ 3. Koppekmnocmo mamemamuueckoit mooeau Conoy

PaccmoTpum monens Cosioy B aOCONOTHBIX MOKaszaressix [35]:

L=L, -e"; ‘jj-f:—yK + pF (K, L), (2.3.1)

f(t,K)=—2K + p-F,(t,K), F(t,K)=F(K,Le"), K(o)=K_,
rne x=F(K,L) - BanoBblii o0OwmecTBeHHbIH npoaykt (BOII), L— yucio roaei
3aHATBEIX B IPOM3BOACTBEHHOM mporecce, K - mpoussBoxcteennsie Gponaps, C -
(GOH HETPOU3BOACTBEHHOTO TIOTPEOIEHNS, Y — MHBECTHIUH.

KpoMe Toro B MOJENIM UCIONL3YIOTCS CIIEAYIOIIUE DK30I€HHbIE (3a1aHHbIE BHE
CHCTEMBI) IMOKA3aTeNId: v —TOJ0BOM TEMI NPUPOCTA YHCIIA 3aHATBIX, z— OIS
BBIOBIBIINX 34 TOJ OCHOBHBIX ITPOU3BOJCTBEHHBIX (DOHIOB, p —HOPMA HAKOIIJICHHS

(monst BaJOBBIX MHBECTUIMU B BajJOBOM BHYTPEHHEM MPOJIYKTE). DK30TE€HHBIE

mapaMeTpbl HaXOAATCS B CICAYIOMMUX IpaHuax: —1<v <l O<wu<l O0<p<l.
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B nmanHoM maparpade mpencTaBieHBl pPE3yJbTAaThl WCCICIOBAHUS 3a1a4U:
u3ydauTh Mojaenb Conoy Ha KOppekTHocTh. HamomumM, d9to 3amada (2.3.1)
IOCTaBleHa KOPPEKTHO, €CIM IPH 3aJaHHbIX u,v,p,F(K,L),K, pemenne (2.3.1):
CYIIECTBYET, 2) €IWHCTBEHHO, 3) HEMPEPBHIBHO 3aBUCHT OT u,v, p, F, K, .

[Tpu HapyleHHH JII000r0 W3 ITHX TpeX ycioBuil 3amada (2.3.1) sBisercs
HEKOPPEKTHO MOCTABIEHHOM.

Byzem nipenmnosarars, uto f(t,K) ymoBieTBopseT ycIoBusM TeopeMbl Kot
[1]: oHa HenpepbIBHA B 3aMKHYTO# 00J1aCTH
D ={(t.K):|t| <a,|K — K| < o} (2.3.2)
U yJIoBJIETBOPAIOT B D ycnoButo Jlumnmmia oTHOCUTEIBHO K !
[F(t,K)— f(t,K,)| <¥K, —K,|, » =const >0. (2.3.3)

Torma B D pemenue (2.3.1) cymectByeT u equHcTBeHHO [1]. Uccnenyem (2.3.1) Ha
YCTOMYMBOCTh (HEMPEPHIBHYIO 3aBUCUMOCTB) PEIICHUS OT HayaldbHBIX YCIOBUN
(maHHBIX).

Onpenenenne 1 [1]. Pemenue ypaBHenus (2.3.1) HeNpepbIBHO 3aBUCHT OT

HaYaJIbHBIX YCIOBMH, ECIIH JUIA JIFOOOTO & > 0, CYIIECTBYET TaKoe J(g)>0, 4TO MpH

‘KO —Ro‘ <8 npas moboro teft,—h,t,+h] OymeT BBIIOIHEHO HEPABEHCTBO

‘Kl(t)—R(t)‘«s, rae K(t) u K(t) pemenus ypaBHenus (2.3.1) COOTBETCTBEHHO TIpU

HavabHBIX yeaoBuax K(t,)=K,; K(t,)=K,,

h:min{a,ﬁ}, M = max |f (t,K)|.

(t,K)eD

OkaspiBaercs, uto perieHune (2.3.1) ycTOMYMBO MO HaAYaIbHBIM JaHHBIM
(HempepbIBHO  3aBHCHT OT HAYaJlbHBIX YCJIOBHI), €CJIIM TIpaBas dYacThb
yIOBJICTBOPSET yCnoBUsIM TeopeMbl Komu (cinenctBue 4.1 u3 [1]).

M3yuyum (2.3.1) Ha yCTOMYMBOCTH €ro pemieHus K HW3MECHCHUSIM

K03 PHIIMEHTOB U MapaMeTpoB B mpanoii yactu (2.3.1)

f(t,K)=—uK + pF(t,K), F(t,K)=F(K,L,e").
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Ilycth
A={p, p, LoV}

Onpenenenne 2. Pemenne K(t,1) 3amaum Komm (2.3.1) HempepsIBHO
3aBUCHT OT TapamMeTpa A, IJIe A COBIAJIAET C OJHUM U3 3JIEMEHTOB A ={u, p, Ly, v},
eciu [t Io00ro ¢ >0 CymecTByeT S(g)> o, 9TO HpH Beex |A4| < &(¢) st moboro
te[-h, h] Gyzer BbimoNHEHO HepaBeHCTBO [K(t,A+A1) - K(t,A)|<&.

OxasbiBaercs, 4To penieHue (2.3.1) ycTOWYMBO K U3MEHEHUSIM TapaMeTPOB

B IpaBoil yactu ypaBHeHus (2.3.1) (HempephIBHO 3aBHUCUT OT IapaMETPOB), €CIIH

npu AeA npasas yacth f(t,K) (2.3.1) yaosiaerBopsieT yciaoBusm teopeMsl Koriu
of
H — HEMpephIBHA B D [1].

Ha ocHOBe mNpoBENEHHBIX pacCyXJACHUN yOexaaeMcsi B CIPaBEIJIUBOCTU
CJIEIYIOLIETO YTBEPKICHHUS.

Teopema 1. Ilyctb B momenmu Conoy (2.3.1) F(t,K)yaoBIeTBOpseT B
o0sacTu D u3 (2.3.2) ycnosuro Jlummuna (2.3.3) u Sf_/l AeA={upv,L},

HerpepbiBHa B DO COBOKYIMHOCTU CBOMX TepeMeHHbIX. Torma (2.3.1) siBusiercs
KOPPEKTHO MOCTABJICHHON B D .

Ipumep 1. Ilycte mnpousBoacTBeHHas (QyHkuus F(K, L) sBigercs
JIMHEUHOM:

F(K,L)=CK+C,L, F(t,K)=CK+C,L,e", C =const>0, C,=const>0.
Torna, oueBuano, f(t,K)=—uK + oF(K,L)=—2K + p[ClK +C, Loe“] JIMHENHO 3aBUCUT

OT u,p,K,LU HEOnpephlBHO 3aBUCUT v. OTCIOIa MOXHO 3aKJIOYWTh, YTO
of
F,(t,K) ymoBaeTBopsier ycrnoButo Jlummmima (2.3.3) OTHOCHUTEIHHO K’a_,z’ AeA,

HEIpepbiBHA B D TI0 COBOKYITHOCTH 4, p,L,,v. B cuiy Teopemsl 1 mpu naHHOMN
F(K,L) moaeinsb (2.3.1) mocTaBiieHa KOPPEKTHO.

IMpumep 2. [Tycts npousBonacTBenHas Gpyukius F(K,L)u3 (2.3.1) aBusgercs
dbynknuent Ko66a-Jlyrnaca:

F(K,L)=CK“L™, F,(t,K)=CK*(Le")"*, C=const>0, a=const, O<a<L.
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" l1-a
Tak xak Fl’K(t,K):Co{ Lolfj orpanMyeHa B D, TO 4 JaHHOM

F(K,L) ycnoBue Jlunmmna (2.3.3) OoTHOCHTENHHO K, OYEBHIHO, BBITOJHSCTCS.
Kpome Toro, f(t,K) HempepbiBHO AuddepeHnupyeMa B D 1o mapamerpam u3 A.
Torma Ha ocHOBaHWMM TeopeMmbl 1 3akmrodaeMm, 4dYto Mojaenb (2.3.1) ¢
npou3BoACTBeHHOU (yHKIMe Kob66a-/lyriaca mocrasieHa KOppeKTHO B D .
Hpumep 3. Ilycte F(K,L)u3z (2.3.1) sABisieTCs MNPOU3BOJACTBEHHOU

(GYHKIHEH ¢ TOCTOSHHON 3MaCTUYHOCTHIO 3aMEIICHUS:

F(K,L)=ClcK”+C,L7]5, E(t,K)=C,lcK”+C,(Le") |7,
rone C,,C,,C,,,r-HEKOTOpPBIC IIOCTOSHHBIC, IMpUUYEMCy>0, C; >0, C, >0, f=>-1
r>0, A-xko3dduireHT 3amenieHus, r>0- Mmoka3areiab CTENEHU OIHOPOJIHOCTH

paccMarpuBaeMolt (GyHKIMHM ( yalle BCero npu udydeHuu mojenu (2.3.1) cuuraror,
91O r =1, T.K. Ipu mepexonae B (2.3.1) k 6e3pa3sMepHBIM BETUYMHAM JIOITYCKAOT,

yTto F(K,L) MMeeT cTeneHb oAHOpoAHOCTH 1). MccnenoBaHue Ha yCTOMYMBOCTH

(2.3.1) ¢ nmaHHO# NPOM3BOACTBEHHOW (YHKIIMEH MOYKHO IMPOBECTH MO TOHW XKe
CXEME, 4TO U B pUMepeE 2.

OueBuHO,

Fr (K. L) = rC,Cle K +C,(Ley ] 5K 7. (2.3.4)

Tak xak npaBast yacth B (2.3.4) orpanuueHa B D, To F,(K,L) yaoBIeTBOpSCT

ycnoBuro Jlunmmna otHocutensHo K. Kpome Ttoro, oueBumnHo, uto f(K,L)
HemnpepbIBHO AuddepeHuupyemMa B D 1o BceM napaMmeTrpam A .

Otcrozia, BOCMOJIB30BABIINUCH TeopemMoil 1, 3akmrodaeM, uto Mojenb Colioy

(2.3.1), B Kkotopoii B KadectBe F(K,L)BBICTymaeT paccMaTpHBacMasi

MPOU3BOJICTBEHHAss (YHKIMS C TOCTOSHHOW OSJACTUYHOCTBIO  3aMEIIeHUs,

IIOCTaBJICHA B D KOPPEKTHO.
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§4 Koppekmnocms ounamuueckoii Mooenu MuKpOIKOHOMUKU

]_II/IHaMI/I‘IeCKaH MOACIIb MHUKPOSKOHOMHUKHU npeacTaBJrICT coOoi

muddepennmanbHoe ypaBaenue [86] (cm.takke §2 n3 ri.l)

% —ad(t)+1(t), te[0,T], (2.4.1)
C Ha4YaJIbHBIM YCJIOBUCM
A(0) = 4,, (2.4.2)
rac
- ~ (@-c-1)¢
a=at, A= k-

A(t) — CTOUMOCTb OCHOBHBIX IIPOU3BOJICTBEHHBIX (DOHJIOB;

f —mokasarenpb (OHIO00TAAYY;

C—yJesbHas ce0EeCTOMMOCTD BBITYCKA MPOYKIUU B CTOUMOCTHOM BBIPAXKECHUU;
I(t)—BHEIIHME  WHBECTULMHU, IMOJYYCHHbIE  MaJbIM  NPEANpPUATAEM  Ha
0e3B0O3ME3/THOM OCHOBE;

7,,7, — CTABKU HAJIOra Ha 00BEM BBIITYCKa U MPUObLIb COOTBETCTBEHHO;

&— 10y YUCTOM pUOBLIN, OTYUCIAEMON Ha peuHBECTHpOBaHUE (0< & <1);

k— Ko3(ppuueHT, oTpaxkarouui J0J0 PENHBECTUPYEMBIX CPEACTB NPUOBLIH, HE
MMEIOIINX JIBIOT 10 HAJIOT000JI0KEeHUIO (0 < x <1).

Hns  mubdepenumansaoro ypaBuenus (2.4.1) B ob6mactu D=[0,T]xR"
BBITIOJIHEHBI yciioBusl TeopeMbl 4.1 (teopembr Komm) u3 [1] o cymecTBoBaHuu u
eMHCTBEHHOCTH penieHus, ecu |(t) menpepsiBHa npu t [0, T]. Kpome Toro, mpu
BBINIOJIHEHUH ITHX YCJIOBUM OyAyT BBINOJIHEHBI yciioBusa cienctsus 4.1 u3 [1] o
HEIIPEPBIBHOM 3aBUCUMOCTH pEIICHHs Y(t) OT HaydaJbHBIX YCIOBHM Yy, H
cienctsust 4.2 u3 [1] 0 HenpepbIBHOI 3aBUCHMOCTH y OT |(t).

CJIGI[OBaTeJIBHO, HMCCT MCCTO YTBCPIKIACHUC.

Teopema 2.4.1. [Iycts B MoJienTn MUKpOSKOHOMUKH (2.4.1) I(t) HempepbIBHA
B obnactu [0,T]. Torma monens (2.4.1), (2.4.2) siBasieTcsl KOPPEKTHOM B 00JacTH

D.
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BriBoabl Kk riase |l
B naHHOW Ty1aBe MpENCTaBIICHBI PE3YIbTAThl MCCIEIOBAHUSA HA KOPPEKTHOCTH
OajlaHCOBOM M AUHAMHUYECKOM Mojened JleoHTheBa, MaTeMaTH4YE€CKOM MOIEIIH
Conoy, JAMHAMHUYECKON MOJEIM MHKPOIKOHOMHUKH. B KaxIoM M3 yKa3aHHBIX
CllydyaeB HaWJeHbl YCJIOBHS, OOECICUUBAIOIINE KOPPEKTHOCTh YKa3aHHBIX
MOJIEJIEH.

OTU  pe3yibTaThl MPEJICTABISIOT ONPEACIICHHBIM HWHTEpec, T. K. OHH
MO3BOJISIFOT, TIPY BBIMIOJIHEHUM HAWJICHHBIX YCJIOBUW, TApaHTUPOBAHHO HAXOJUTHh
(mpu 3aaHHBIX TMOTPEUTHOCTIX B TMapamMeTpax ATUX MOjeNed) MpUOIMKEHHBIC
pelieHus 3TUX MoJieiel, KOTopble OyAyT HECYIIECTBEHHO OTJIMYAThCS OT TOYHBIX

pELICHUN.

Bonpocns! k riase ||
Uto HazwiBaeTcst koHycom? [IpuBenure mpuMepbl KOHYCOB.
Uto Ha3bIBaE€TCS OLEHKOW HOPMBI MAaTPHUIIBI?
Kakoii onepaTop Ha3bIBaeTCs HEPA3I0KUMbBIM?
UTo Ha3bIBAETCS CIIEKTPOM OrepaTopa?

UTo Ha3bIBAETCS CIEKTPAIBHBIM PaIUyCcoM oneparopa’?

o 0k~ w D e

UTo Ha3bIBAIOT COOCTBEHHBIM 3HAUYE€HHUEM, COOCTBEHHBIM BEKTOPOM
oneparopa?

7. Kaxkoe pelienne Ha3bpIBa€TCS YCTOMYUBBIM?
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I'JIABA |1l. DUWIBTPALIUSA OILIMBOK B MATEMATHYECKHUX
MOJAEJIAX, OIIMCBIBAIOIIINX MUKPO - 1
MAKPOSKOHOMMWYECKHE ITPOLECCHI

§ 1. Quavmpayusa outub0OK uzmepeHuil 6eKmopa CnPoca 6 DAIAHCO80I MOOeau
Jleonmovesa

1. Onnomarosasi puabTpanus OMHKUOOK M3MEPEHUI BEKTOPa CIPOCca

DKOHOMHKO-MaTeMaTH4eckas OamaHcoBas Mojelb JIeOHTheBa WMEET BUJ
[40] (cMm. Taxoke §1 rimaBel 1):
x=MA+f, x>0. (3.1.1)
3nech A-—3aJlaHHAs TEXHOJIOTHYECKAs MaTpHIla pa3Mepa nxn,
f —M3BECTHBIN BEKTOp CIIpOCa Pa3MEpPHOCTH N,
X —HEU3BECTHBIN BEKTOP BAJIOBOIO MPOU3BOJACTBA (BBIMYCKA) Pa3MEpPHOCTH
N, MOJJICIKAIINN ONIPEAECITICHHUIO,
0 —HYJICBO BEKTOP Pa3MEPHOCTH N .
Cuctemy (3.1.1) MOXHO mepenucaTh B BUJC:
Bx=f, B=E-A x>0, (3.1.2)
rne E-— equHWUYHAS MaTpHIlA pa3Mepa nxn..

PeanbHo snementsl f,, i=1---,n, BekTopa f He MOryT OBITb 3aJaHBI

(u3MepeHbl) abCOMIOTHO TOYHO (OYEBUIHO, HEJB3S 3apaHee aOCOIIOTHO TOYHO
MpejcKa3aTh CIPOC Ha MPOAYKIIUIO JTIF000I OTpaciin), a ¢ HEKOTOPBIMU OLIMOKaMH,
KOTOpbIE, BOOOIIE TOBOps, MMEIOT ciydaiiHbiii xapakrep. Ilostomy (3.1.2), ¢

y4eToM OIIHMOOK U3MepeHHid f , MOKHO (POpMaJIbHO TIPEJICTABUTH B BUJE!

Bx+v="f, x>0, (3.1.3)
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CIIy4aliHbIi BEKTOp - cToj0el OmHMOOK M3MEpPeHH JIIEMEHTOB A U
f pasmepHocTH n (BeKTOp ImoMmex). bynem cuutath, 4TO V YIAOBJIETBOPSET
CIIEIYIOIIUM ycloBusM [68].

1. MaTtemaTuueckoe OXugaHue V paBHO HYJIIO:

Mv = 0.

2./3BecTtHa (3a7aHa) CHUMMETpUYHAs TOJIOKHUTEIIBHO  OMNpeaeieHHas

MaTpHLa KOBapralui pasMepa nxn BEKTOpa V'
R= M(V-VT).

Kpome Toro, pgomyckaeM, 4YTO BBINOJHEHBI TakXkKe  CIEIYIOIINE
MPEANOI0KEHUS.

3. 3amaH BEKTOpP  pa3MEpPHOCTH N, TMPEACTABISAIOMIMN  coOoi
MaTeMaTHUYeCKoe OKUJaHWe (HadaJlbHOE NPUOJIMKEHUE, AalpUOPHYIO OILIEHKY,
NPOTHO3HOE 3HaveHue) Bekropa x u3 (3.1.3):

v = MXx.

4. 3amaHa ampuopHas KoBapHallMOHHas Matpuiia N OIMOOK pEIIeHUs

(pa3mepa nxn, CHMMETpPUYHAs, MTOJIOKUTEIBHO OIpE/IeIICHHAs):
N =M|(x—y Yx—yp) |
PaccmoTpum 3amauy: mo u3MepeHHOMY f HaWTHW HEOTPULATEIBHBINA BEKTOP

7, YUYUTBIBAIOIIMN pE3yiabTaTbl HU3MEpPEHUHM f W JOCTABISIIOIIMNA MUHUMYM
2
M|y —x", roe x—pemeHnue cuctemsl (3.1.2).

JlanHast 3aja4ya peACTaBIIsAeT 3aaqy ONTUMAIBHOM JIMHEHHON (hUITbTpaIluH.
CormacHo [68] onHa MOXXeT OBITh CBEIEHA K PCIICHUIO CICAYIOIICH 3aaadu
KBaJpaTUYHOTO MTPOTPaMMUPOBAHMUS:

(Bx— )" R™(Bx— f)+(x—y) N7 (x~y)—>min, x>0. (3.1.4)

JlanHas 3agada MOXET OBITh pEIICHA C IOMOIIBI0 MPOrPAMMHOIO IPOIYKTa
Microsoft Office Excel 2003.
Ipumep 1. [Tycts B Mogenu (3.1.3)

01 05 10 10
A= ,E= Cf=l
[0,4 o,:J (o 1] (20)
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Torma

09 -05
B=E—A=( J

-04 07

\Y

CnyyaiiHbIi BEKTOp OIIMOOK HW3MEPEHHI v:[
V2

1] UMEET CJIEAYIOIINE

XapaKTEPUCTUKH.
1.Mv=0, T.e. M(v,)=0, M(v,)=0.

2. Marpuria koBapuaruii R BeKTOpa v UMeeT BHI:

o 0,02 0,015
10,015 0,025/

3. HawampHoe mnpubmmxkenue W aas Bektopa x u3 (3.1.3) 3agaHo

L 09 -05) (10) (395
04 07 20) (67.3

4. 3agana KoBapHallMOHHASI MaTPULIa OIIMOOK PEIICHMS:
011
N =M [(X—l//)(x—t//)T]:( j-(o,ll- 0,14):(

0,14
TpeOyetcs HaliTH ONTUMANIBHYIO OIICHKY X BekTopa X m3 (3.1.3).

BBIPpAKCHHUCM:

0,0121 0,0154
0,0154 0,0196 )

[ToactraBnsst B (3.1.3) ykazaHHBIE JaHHBIE, C TOMOIIBIO MPOTPAMMBI

Microsoft Office Excel 2003 naxoaum:

- ( 40
X= .
51.1

[IpuBeneM nmopoOHYIO0 MHCTPYKIIMIO peIIeHUs puMepa | ¢ TOMOIIBIO ATOM

porpamMMbl. JTan MPOBEAEHUSI BBIYMCICHUHN MpeAcTaBieH Ha pucyHkax (3.1.1-

3.1.21).
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i dafin  Opaewka Bua  BcTaeka  dopmar

CepBuc

LaHHEE

CIkHO

Crpaeka

=,0 00

H Arial Cyr & 10
=15 hd i
A B C 0 E F G H
1
2
3
1 B X B*X F {(BX-F)
5 09 05 a1 004 10 9 96
53 0.4 07 0.1 0,0z 20 1997
7
8
9
10
N
12
13
14
15
FoToEn MLIM

Puc. 3.1.1. BBog maHHbBIX

i ©aln  Opaewka  Bug  BcTaBka $opmar
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= Microsoft Excel - Knurat M= X
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| 14 |
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16 v
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Puc. 3.1.7. BBox BekTopa w =B™*-F B
= Microsoft Excel - Knura1 M=) X
EII_] @aiin  Opaeka Bug BoTaeka  Popmar  Cepewc JadHele  OkHO  CrpaEka BE2AMTE EONPOC - 7 X
: drial Cyr v 10 v|K &K Y |== =65y g 0 08
Q7 - i
c|l o [E[F [ [ H [ 1 [J] K[ L | M [ w [o] P [ Q@ [7-
1 -
| 2 |
El — T . .o .
4| x| B% | F | (@xF) (BY-F A (Bx-FI'.R' (BX-FI' R BY-F) B w=B1F X-w
5|01 004 10 B9 995 -1997 523 |-3,14 -458202 523999 5610,119915 163 | 1,16 395 39 4
6|01 003 20 -1957 s34 0419 03 28 67 3 -G7 2
7] —1-
El
10
[11]
|12 | i |
[13]
1]
i .
16 h
4 v mh Imert et £ et [/ 1<l | Im [>]]
FoToEo MUM

Puc. 3.1.8. Brog BekTopa (X —y/)
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=] Microsoft Excel - Knwnrat JIOEd
@_] Parn Opaeka Bua  Boraeka  dopmar  Cepewc  Jandeie  OkHO  Cnpaeka BESAMTE BEOMPOC - .8 X
i arial Cyr 10 z| XK & U |E = = 5|08 0 g0 58 3%

S6 - Fe

c| bl F [ H[T 1T [Tao] k [ ] M N o[ p [ a | r [ 8 |=
1 =
2]
| 3 | i ‘ R . ' "
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5|01 /004 10 486 8095 1957 523 | -3.14 -455202 523999 E610,119915 163 | 1,18 BE -394 -35.4 57 2
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7
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15
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PRI iy et f nnerz £ et / 1<l [ I [zl
loToso MM

T
Puc. 3.1.9. Box Bekropa (X —y)
1= Microsoft Excel - Kuurat ==
E._] @ain  Opseka Bug  BCTSEKS  PopMat  CepeMc  JaHHele  OkHO  Cripsewxs BBegMTE BONPOC - _ 8 %
i prial Cyr ~10 ~|XK & 4= [ | &8 o oo 53 %0

T14 A &

c[ o [ET FTEelTHTTTJ]T K [ L ] M [ [P [TTe [TrR [s T T U
1 |
[ 2|
3
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Puc. 3.1.10. BBox koBapruannoHHOM MaTpUIlbl N
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Puc. 3.1.11. Bog marpuier N
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Puc. 3.1.13. Box pesyiabrara (X —y)" N7 (X —y)
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Puc. 3.1.14. BBox 11eneBoit GyHKIUH.
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Jdo6aeneHue orpaHMYeHHA

CEBINka Ha A-eriky QrpaHH-eHHe:
£C86 5= v 0
I Ok J [ OTHEHS ] [ﬂ,c@aBHTb ] [ Cnpaska ]

Puc. 3.1.15. BBog orpann4eHuit

MapameTpbl NOMCKa pelleHUA
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Puc. 3.1.16. BBoa napameTpoB
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BOCCTAHOEMTE
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Puc. 3.1.17. Beox orpannyeHui
Pe3ynbTarThl NOMCKa pelleHMA .ﬁ
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Puc. 3.1.18. Pe3ynbTarsl noucka pemieHus
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Puc.3.1.21. AHanu3 pe3ybTaToB

§2. Muozowazoeas onmumanvnan puirbmpayus ouudOK UsMepeHull 6eKmopa
cnpoca 6 banancoeoil mooenu Jleonmoesa

Ha mpaktuke Bektop f m3MepsieTcs HE OJUH pa3, Kak 3TO MPEIoIarajioch B
npempiaymemM §1, a MHorokparso: k pas, k=1. Iycts v, =col(v, v, . v&¥) —
BEKTOP-CTOJIOCI] CIy4alHBIX OMMOOK K- To pe3yjlbTaTa M3MEPEHUN KOMITOHEHT
BekTopa f. Kpome Toro, marpuitel R, N, BEKTOp |y HE MOTYT OBITb U3BECTHBI
3apanee. B aTom cnydae 3amady (QuiabTpalMu: HAWTH OLIEHKY y pEHICHUs X
ypaBHeHus (3.1.2) (wm 4to TO Xe camoe - ypaBHeHus (3.1.1)), mocTpoeHHytO €
Y4€TOM pPe3yJIbTaTOB U3MEpPEHUN f W JOCTaBISAIONIEH MUHUMYM M|y—x|2, MOKHO
pPEeLIUTh CAETYIOUUM 00pa3oM.

ITycts cuctema (3.1.2), B KOTOPOW YYHMTHIBAIOTCS OIMMOKH HW3MEPEHUH V,
BekTopa f Ha kakaom mare K =1, 2, ..., npeacTaBieHa B BUJE:
Bx+v, =f, x>0k=12,.... (3.2.1)

[TycTe maTemarnueckoe oxkuganue v,, k=12,..., paBHO HYJO: Mv, =0.

O0o3HaunM dYepe3 R, — MaTpHIy pa3Mepa nxn, 3JIeMeHThl KOTopoi rY

UMEIOT BHJI.
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k
rij(k) :%Z;‘Vi(Q)VEQ)’ i, j:]_,...’n’ (322)
q=.

" IPCACTABIIAIOT CcO00M CTaTUCTHYECKHUE OILICHKH COOTBECTCTBYIOIHX DJICMCHTOB [,

ij

CI/IMMGTpI/I‘IHOI‘/’I, ITOJIOKUTCIILHO OHpGI[GJ'IGHHOﬁ MaTpHUIbI

R:M[V.VT};

¥, —BCKTOp pasMEpPHOCTH n C 3JICMCHTaMH

pl ==, (3.2.3)

rae x(¥ —i-1 KOMIIOHEHTa BEKTOpa X,, HOJYy4EHHOTO Ha (—OM ILIare M3MepeHHs
f, mpeacraBmsromas  co0Oi  CTaTHCTHYECKYIO  OLEHKY  KOMIIOHEHTEHI
v, = MX  Bekrtopa y = MX;

N - MaTpHula € 3JICMCHTaMHU

1 &
k) _ (a) (@) Yy (a) (a)
nij B k q=1 (Xi —Vi XXJ _Wj )’

NPEICTABIISIONIMMU COOON CTATUCTHUYECKUE OI[CHKH JIEMEHTOB

n, =M -, X, ~v,)
CUMMETPUYHON IOJIOKUTENIBHO ONPEAECICHHON KOBAPUALIMOHHOW  MAaTpHULbI
N=M [(X—l//)(X—l//)TJ pasmepa nxn.

Bocronb30BaBIINCh, METOAUKOM mocTpoenus puibsrpa Kanmana-Berocu [68],
MOJKHO 3aKJIFOUUTh, YTO B JJAHHOM CJIydae OIICHKA y MOXKET OBbITh HaljCHA IMyTeM
peIIeHHS CIIEeIYIOMIESH 3a1aui KBaJPaTUIHOTO MPOrPaMMHUPOBAHUS:

(Bx—f) R "(Bx—f)+(x=y) N, “(x~y ) > min, x20. (3.2.4)
Ipumep 1. [Tycts B Mogenu (3.1.1)
A=(O’1 0,5} . =(1 O]’ ¢ =(10];
04 03 01 20

09 - 0,5}

Torjza B=E-A=
-04 0,7
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CnyyaiiHplii BEeKTOp OLIMOOK v, H3MEpeHu BeKkTopa f NpuU pa3iHyuHBIX

k =12,34 nMeeT BUI:

(o) vz wefo) (e}

TpebyeTcs HalTH ONTUMANBHYIO OLIEHKY X BekTopa x u3 (3.1.1).

Cormnacnao IMPUBCACHHBIM JJaHHbBIM

Mv:%[v1 +V, +V, +v4]:(oj,

0
r'*) =0,025,
r =0,
riY =0,
=0,025,

. :[r};” r1<;>]_(0,025 0 J
4 - .
Y 0 0025

21

Haxoxum X%, pernas cuctemy

Bx+v, =f.
[pu k =1 V=39, x¥=51
npu k =2 x? =29, x{)=32,
npu k =3 x® =39, x©¥ =51,
npu k=4 x =46, x{¥ =63.

Jlanee Haxoaum

g=1

-hIH J>||—\

g=1

4 1
==>x9 = Z[xl(” +x® 4+ x@ + x4 ]=38,

4 1
==\ = Z[xf) +x2 4 x® +x9] = 49,
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3 il 1 1 1
g=
13 1
3 2
'l =3 §1x§‘” :§[x;1> + x4+ x| =45,
g=

Y = 13— i) = S5 ) - 245,
=3 207 -y ol )= 45

) =i =45

=33 —pt) -108,

21 22

N n? n& (245 45
n® n® 45 103)
[Moncraisis B (3.2.4) ykazaHHBIC JaHHBIC, C TIOMOINBIO TMPOTPAMMEI

Microsoft Office Excel 2003 naxoaum:

(2
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§ 3. Onmumanvnaa punvmpayun cayuaiinvix nomex

6 mamemamuyeckoii mooeau Conoy

MaremaTtuueckas MOJCIIb COJIOY B a0COJIFOTHBIX IOKA3aTCIAX HMEET BUI

[35] (cMm. Takxke §3 rmaBer 1):
L=L,-e"; —K:—,uK+ p(l—-a)F(K,L) (3.3.1)

K(0)=0, (3.3.2)
| = p(l-a)F, C=@1-p)i-a)F,
rae x=F(K,L) BanoBblii obmecTBeHHbIi npoaykT (BOIT), L — gucno mozeneii,
3aHATBHIX B MPOU3BOACTBEHHOM Tpouiecce, K — mpousBojctBennbie ¢ouabl, C —
(G oHT HETTPON3BOACTBEHHOTO MTOTPEOICHUS, | — HMHBECTHIIHH.
Kpome Toro B MOjenu UCTOIB3YIOTCS CIEAYIOIINE SK30TCHHbIC (3aJaHHbIC
BHE CHCTEMBI) MOKA3aTeNId: v — TOJAOBOM TEMIT MPUPOCTA YWCTA 3aHATHIX, i —
JOJIT BBIOBIBIIMX 3a TOJ OCHOBHBIX TIPOM3BOJICTBCHHBIX (HOHAOB, a —
Kod(PUIMeHT npsMbIX 3aTpat (Ao mpoMekyTouHoro npoaykra B BOII), p —
HOpMA HaKOIUICHUS (JIOJIsI BaJIOBBIX WHBECTULIMA B BaJOBOM BHYTPEHHEM
npoaykre). OObuHO cuuTaroT [35], 4YTO 3K30TrCHHBIC MapaMETPhl SBIISIOTCS
MOCTOSSHHBIMU BEJIMYMHAMU W HAXOJATCA B CICAYIOIUX TpPaHUIax: —-l<v<l,
O<u<l O0<a<l 0<p<l.
Jluneapuzyem ¢ynkmuoo F(K,L) mo K (Hampumep, pasioxuB €€ 0
dbopmyie Teitniopa):
F(K,L)=S(L)-K. (3.3.3)
Torna, moacrasnsis B (3.3.3) BMecTo L BbIpakeHue L =L, -e* 1 BBOAS

0003HayYeHuE

At)= (- z+ plL-a)s(L, -e*)),
nepenuiieM ypaBuenue (3.3.3) B Buze:

dK

ALK, 3.4
it (3.3.4)
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B ypaBuHenun (3.3.4) He YUYUTHIBAIOTCS CIy4ailHbIE UIYMbI (TIOMEXH),

KOTOpbIE NOCTYNaroT u3BHe. O603HaunM nx yepes oft). Torma (3.3.4) npumeT BUA:

%—T = At)-K + oft),
a HayanpHOe ycioBue (3.3.2) — K(0)=K,, rae K, —3a1aHHas ciiydaiiHas BeJIMUrHa.

Kpome Toro, GymeM mpeamosarartb, 4To Mbl U3MepseM Bektop K(t) 1o
3aKOHY

Z(t)=D(t)K(t)+v(t),

rae v(t) — mymbl (MOMeXH), BOSHHKAIONIUE B TIPOLIECCE HAOIIOAEHUs (M3MEPEHNS)
K(t).

Bymem cuurarh, uto W(t), Vv(t) SBIAIOTCA HE3aBHMCHMBIMH T'ayCCOBBIMH

CﬂyqaﬁHBIMH ImponccCaMu TUIla oeoro IrymMa € HyJICBBIMU CPCIHUMHU 3HAUYCHUAMU

Ma(t)= Mv(t)=0 1 KoBapHausIMu

cov[ () ] M w(th (z)]= Q(t)a(t - 2),
cov[v M [v(tN (7) ]: R(t)5(t - 7),
cov[ = Mw(tV (z)]=0,

rae S(t)-nenvra pynkuus dupaka, Q(t)>0, te[0,T], R(t)>0, t<[0,T], K(0)=Kq -
rayccoBpa cilydaiiHas BEIMYUHA C HyJIEBBIM CPEIHUM 3HAYEHHEM
M[K,]=0 wu 3anannoii nucnepcueit
DK, = MKZ =o,°.
[TocraBnennas 3agaya CBOJOWTCS K  CICOYIOIIEH: IO  3aJaHHBIM
HaOMIOeHUAM BeauuuHbl Z(t) Ha umHTepBane [0,t) HalTH Takyro OLEHKY y(t)
BeJMUMHBI K (t), KOTOpas JOCTaBJIAET MUHEMYM BBIPAKEHHIO

(K@)- (1)) - min, t e [0,T].

Xopomo wu3BectHo [58], uro Takas ouenka K(t) mpemcraBisier coOoi
yCIOBHOE MaTeMarryeckoe oxumanue: K(t)=M|[K(t)/Z(t)] u Moxker ObITh HalineHa

IMyTCM PCHICHU: 3a/[aUn:

dj—) = [At)-o(t)D?(t)- R K (t)+ ot)DEOR () Z(2), (3.3.5)
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K(0)=0, (3.3.6)
rae o(t)-pemenue qudpepeHIran-HOro ypaBHenus Pukkaru

990) _ 24tk - D* (1R t)o” + Q1) (33.7)

YAOBJICTBOPAIOIICC HAYAJIbHOMY YCIIOBUIO

o(0) =0o,. (3.3.8)

Mpumep 3.1. [Toctpoum perrenne 3agaun  (3.3.7), (3.3.8) u (3.3.5), (3.3.6)
C IOMOIIIBIO MakeTa npukiaaabix mporpamm MATLAB npu D=1, A=1.5,
R=3, Q=2, E=1 (cm. mpunoxenue 1). ['paduk hyHKIIMN o(t) IpUBEnEH Ha

puc. (3.2.1), rpaduk oxHO# n3 peanuzanuii K(t) - Ha puc. (3.2.2).

Puc. 3.2.1. I'paduk pynkmum o(t)
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0.2

Puc. 3.2.2. I'paduk oxHOM n3 peanusamuii K (t)

§ 4. Onmumanvnaa punempayusn cayuaiinviXx nomex 6 OUHAMUYECKOU MOOeU
Jleonmuvesa

Junamudeckas wmojenb JICOHThEBa MpPEACTaBIsET CO0OM  cucTeMy

nuddepeHIMaTbHBIX ypaBHEHHH (CM.IT.2 TJIaBbI 2)

y(t)=KdZ—Et)+5(t), teo.T], (3.4.1)

pelleHre KOTOPOi YI0BJIETBOPSIET HAYAIBLHOMY YCIIOBHIO:
y(0)=y,, (3.4.2)
rane  y(t)-  Bekrop-cTonmben  HauMOHalnbHOro  goxoxa,  K(t)-marpuia
K03((HHUIMEHTOB MONHBIX 3aTPAT NPOU3BOICTBEHHBIX HAKOIUIEHMH HA €IMHHYHBIE
IPUPOCTHI JIEMEHTOB MCIIOIB3yEMOTO JI0X0/1a,
K(t)=B(tXE - At))™", C(t)=(E-AlR)™*C(t) (3.4.3)
A(t)-MaTpria Kod(h(GHUIMEHTOB NPAMBIX MaTepUadbHBIX 3aTpar, B(t)-Mmarpuia

KOC—)(b(i)I/II_II/IeHTOB IMPOMU3BOACTBCHHOI'O HAKOIUICHHUA Ha CAWMHHLY IIPUPOCTa
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COOTBETCTBYIOIIMX BHIOB HPOAYKIUH, C(t)—BeKTOp-CcTONOEI TMOTpeOsIeHH s,

E —eauHu4yHasg MaTpuia.
Cucrema (3.4.1) — (3.4.2) skBuBajcHTHa cucteMe AUPHepeHInaTbHBIX

YpaBHECHUU

MO _1y0)- k1) y0)=y,, teloT],

dt
WA
dz—(tt) B (tNE - A)y(t)-BH)C(), (3.4.4)
y(0)=y, tel0,T]. (3.4.5)

B 3amaue (3.4.4) (3.4.5) cmenaem 3ameny y(t)-y,=x(t). Torma nanmas 3amaga

npeoOpa3yeTcst K BULY:

) _ g3 e - Ae)ut)- 000 vo (3.46)
«(0)=0. (3.4.7)
B cucreme (3.4.6) (3.4.7) He yuMTBIBAIOTCS CiydaiiHbIe HIyMbI (TIOMEXH),

KOTOPBIE peaTbHO BO3HHUKAIOT TPU U3MEPEHUU KOA(PPUIIHMEHTOB ypaBHeHUs (3.4.6)

u Bekropa Xx(t). O6Go3Haumm ux yepe3 w(t). Bymem mnpeamonarate, 4To MBI
M3MepsieM BEKTOP X(t)1Mo 3aKOHY
Z(t)=D(t)x(t)+v(t),
v(t)-BekTop ImIyMOB (TIIOMEX), BO3HHMKAIONIMX B MpPOLECCE  HAOIIOACHUS
(u3mepenust) x(t) u
x(0)=x, . (3.4.8)
Cumraem, uro W(t) V() SBISIOTCA HE3aBUCHMBIMH  TayCCOBBIMU

CJ'Iy‘-IElﬁHbIMH mponccCcaMu THUIIa Oesoro mmymMa € HyJICBbIMU CPCAHUMH 3HAYCHUAMUA

Y KOPPEISUMOHHBIMUA MAaTPULIAMU

cov[w(thw(z)] = M [witw' ()] = (t)( )

cov[v(t) M (VT (7) ]: R(t)o(t -
cov|wi(t ] M [w(t " (r)]=0,
rae &(t)-nensra- Gpynxmus dupaka, Q(t)=0, R(t)>0, te[o,T].
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[penmonaraem, 4to X(t,)— nN-—MEPHBIH TrayccoB CIy4allHbIH BEKTOpP C

HYJICBBIM CPCIHUM 3HAYCHUCM

Y KOPPEIALMOHHON MaTpHULIEH
M lx(to )XT (to )J =20
Y, — HEOTpHUIIATEILHO-ONPECIEHHAass ~ MaTpuIla,  KOTopas  MPEIIoJaracTcs
u3BecTHOM. KpoMme Toro, npeamosaraem, uro wWit), v(t) U x, HE3aBUCHMBL.
[TocraBieHHas 3ajada CBOAWTCS K  CIEAyIOHIEH: 10  3aJaHHbIM
HaOmoneHusM Z(t), te[0,T], naiitu takyro ouenky y(t) BexkTopa x(t), KoTOpas
JOCTABJIAET MUHUMYM BBIPAKEHUIO

()~ A0 —min, t<oT].

CornmacHo [61], Takas omeHKa TPEACTABIICT COOOW  YCIIOBHOEC
Marematndeckoe oxumanue  x(t)=M[x(t)/z(t)) u Moxer ObITH HaiimeHa Kak

PCIICHUC 3aJa41 Komm:

) _[51)E - AR)- SO (1) RHODO] X(E)+ SO OR()-2(), (3.4.9)

dt

x(t,)=0, (3.4.10)

rae Y(t) ymosieTBopseT apyroii 3agaye Komm:

9% _ga(pfe - AW]E+ B 0E - AQI ~Z07()-R*0) DO)Z+Q(), (3.4.11)

dt
X(ty) =2, - (3.4.12)
Ipumep 4.1. IMoctpoum pemenne 3amaun (3.4.11) u (3.4.12) u (3.4.9),
(3.4.10) ¢ nmomoinkto makera npukaaaHeix nporpamm MATLAB npu D=1, A=2,
R=2, Q=3, E=1, B=2 (cm. npuioxenue 2).
I'padpux ¢ynxuumm =(t) npuBegeH Ha puc. 3.4.1, rpadux omgHON U3

peanuszanuii x(t) - Ha puc. 3.4.2.
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Puc. 3.4.1. I'paduk QyHkimum =(t)

Puc. 3.4.2. I'paduk o1HOM U3 pean3alui x(t)
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§5. Onmumanvnaa punompayua cayuainplx nomex

6 OUHAMUYECKOU MOoOelU MUKPOIKOHOMUKU

]_II/IHaMI/I‘IeCKaH MOACIb MHUKPOOIKOHOMHKH IIPCACTABIIACT coboit CUCTEMY

JMHEHHBIX ypaBHeHHH [86] (cM. Taroke 11. 3 TaBHI 1)

%zaA(t)Jrl(t), tel0,T], (3.5.1)

C 3aJaHHBbIM Ha4aJIbHBIM YCJIOBUCM

A(O)ZA01
(3.5.2) rme
a—af, g- 40"k
1+ 7,k(1— &)

f —mokaszarens (poHI00THAYN;

A(t) — CTOMMOCTbh OCHOBHBIX MPOU3BO/ICTBEHHBIX (DOH/IOB;

C—yJeJibHas ce0eCTOMMOCTD BBITYCKA MPOIYKIIUU B CTOUMOCTHOM BBIPAXKEHUU;
M, (t) —oOmast npuObLIb MAJIOTO MPEANPUATHS;

M(t) —uuctasg mOpUOBUIL MaJOro MPEANpPUATHS 32 BBIUETOM  HAJIOTOBBIX

OTUYUCJICHUH;

N (t) — cyMMa HaJIOTOBBIX OTYUCIICHUU;
I(t) -BHEIIHWE  WHBECTUILMH, IIOJYYEHHBIE  MaJBIM  IPEAIPUATHEM  Ha

0€e3B03ME3IHOI OCHOBE;

7,,7, — CTaBKHM Hajora Ha 00beM BbIIyCKa U MPUObUIb COOTBETCTBEHHO;
&— OISl YUCTOU MPUOBLIN, OTYUCIISIEMON Ha peuHBecTHpoBaHue (0< & <1);

k —k02(PUIIMEHT, OTPAKAIOMINKA OO PEUHBECTUPYEMBIX CPEACTB MPHUOBLIH, HE

MMEIOIINX JIBIOT 10 HAJIOT000JI0KEeHUIO (0 < x <1).
B 3amaue (3.5.1) (3.5.2) caemaem 3ameny A(t)—A, =y(t). Torma (3.5.1), (3.5.2)

NIPUMET BU.

%:ay(th 1(t)+ A, (3.5.3)
y(0)=0, te[0,T]. (3.5.4)
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B cucreme (3.5.3) (3.5.4) He yUUTBIBAIOTCS CIy4aifHbIe TTOMEXH (IIIyMBbl), KOTOPbIE
pealbHO BO3HHUKAIOT MpH H3MEpeHuu KodpuiueHToB ypaBHeHUs (3.5.3) u

dbyukiuu y(t) . O603HaunM uX yepes o(t). bynem npesamnonaraTs, 9To0 MBI U3MEPSIEM
y(t) 110 3aKOHY

Z(t)=D@)y(t)+v(t),
v(t)—BekTOop mnomex (IIyMOB), BO3HHUKAIOIIMX B Mpollecce HaOIIOACHUs
(u3mMepeHnus) 3HaueHn y(t), D(t) — 3amanHas ¢Qyskuua (yHKIUSA
MacIITaOupoBaHUs ),

y(0) = y,. (3.5.9)

CunraeM, 4uT0 of(t), V() SBIAIOTCS HE3aBHCHUMBIMU TayCCOBBLIMU

CﬂyqaﬁHBIMH npouecccaMu THIIA oeJoro mymMa ¢ HyJICBbBIMU CPCIHUMHA 3HAYCHHUAIMU

N KOPPCILIONOHHBIMA MaTpUIlaMHU

cov[al(t ) J]=M[o(t)o™ ()= Qt)s(t - 7),
covu(t)v(z)] = M|t ()] =

COV[O' M[O' t)\/T )]:
rae S(t)-membra dynxkmms Jlupaka, Q(t)>0, R(t)>0, te[0,T], y(t,)- rayccosa
Cily4aifHas BEIMYMHA C HyJIEBBIM CPEIHMM 3HAUYCHHEM
M{y(t,)]=0
Y KOPPEISIMMOHHOW MaTpULIEN nncnepcneﬁ
M[y (to)y )J Dy(tg) =20 -
Kpowme Toro, npeamnosnaraercs, 9to o(t), v(t) u y, HE3aBUCUMBIL.

B nmamnoM maparpade IpuUBENEM pe3yNbTaThl HUCCIEAOBAHUS CIIEMYIOLIEH
3a7a4M: MO 3aJaHHbIM HaOmonaeHusm Z(t), te[0,T] , maiitn Takyro omenky y(t)
¢ynxuum y(t), KoTopas I0CTaBIAET MUHMMYM BBIPAKEHHIO

(vt)-»®)7, tefo,T].

Xopomo M3BeCTHO [61], 4TO Takas OLEHKa IPEACTABISET COOOM YCIOBHOE

MaTeMaTHueckoe OXuaaHue y(t)=M[y(t)/z(t)] u upencrasiseTr coboil pernieHue

3aJa4u:;
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I _ [5(1XE - A)- 200" ()R (D] 5+ Z007 (R ()-26),  (35.6)

yl(t,) =0, (3.5.7)

e Y(t) ynosnersopser 3amade Komm:

% =B (t[E- AR)Z+ZBM)E - AQ)]f -=D"(t)-R(t)- D)Z+Q(t), (3.5.8)

2ty) =2, (3.5.9)

Ipumep 5.1. IToctpoum perrenne 3amaqn (3.5.8), (3.5.9) u (3.5.6), (3.5.7) ¢
NOMOIIbI0 TakeTa mpukiaaguHeix nporpamm MATLAB mpu D=1, A=2.5, R=4,
Q=1, E=1, B=1 (cm. npunoxenue 3). I'paduk dhyHkuu X(t) IpuUBEICH Ha puC.

3.5.1, rpaduk ofHOM U3 peanusanuii y(t) - Ha puc. 3.5.2.

035 T T T T T T T T T

0.3F

0251

0.2+

0151

0.1F

0.05F

Puc. 3.5.1. I'padux pynkmmm 2(t)
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0.8

50 06

Puc. 3.5.2. I'padik ofHOM U3 peanu3aumii y(t)

§6. Onmumanvnan ouenka 6ano6020 8bINYCcKaA NPOOYKUUU 3AKPLIMO20
akyuoneprozo oomecmea «Kapauaeeckuii nuezaeoo» (2. Kapauaesck)

ITycTh (cM. §1 naHHOM TJ1aBbI)
Bx=f, B=E—A, (3.6.1)
rae E — eJUHUYHAs MaTpULa pa3Mepa nxn,
A-3aJaHHas TEXHOJOTUYECKass MaTpulla pa3Mepa nxn OaJlaHCOBOM MOJETU
JleonTneBa
Xx=Ax+f, x>0, (3.6.2)
f — H3BECTHBI BEKTOP CIpoca Pa3MEPHOCTH N, X — HEU3BECTHBIM BEKTOP

BAJIOBOT'O BBIMTYCKa MPOAYKIUHA PA3MEPHOCTH N, MOJJIEKAUIUN ONpeiesIeHnto, 0 —

HYJIEBOW BEKTOP Pa3MEpPHOCTH N .
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Kak u B §1 Oynem npeanonarate, 4to 31eMentsl f;,, i=1..,n, BekTopa f u

a,, i,j=1..,n, Mmatpuibl A npexacranieHsl B (3.6.1), (3.6.2) ¢ ommbkamu, KOTOpbIE

ij !
UMEIOT cIydaiHbli xapakTtep. [Toatomy (3.6.1), cneayer nepenucaTh B BUJE:
Bx+v="f, x>0, (3.6.3)

rae v=(V,,V,,...,v,) — CIlydallHbI} BEKTOp OMHMOOK M3MEPEHUI AIEMEHTOB A H f |

pa3MepHOCTH N (BEKTOp IMOMEX), MAaTEeMaTHYECKOE OXXHUJAHHUE KOTOPOrO PAaBHO
HyI0: Mv=0.

[Ipenmonaraercs, Kak U paHee, YTO 3aJaHbl CAMMETPUYHAS, TIOJIOKUTEIBHO
olpejiesieHHasl MaTpulla KOBapualuii pazMepa nxn

R=M (v : VT)
BEKTOpa V; BEKTOp w =Mx  pa3MEpHOCTH N, TPEICTaBIAIOMMA CcOOOU
MaTeMaTHUYeCKOe OXHUAaHue (HadajdbHOE NPUOIMKEHUE, AalpUOPHYIO OLIEHKY)
BekTopa X u3 (3.6.3); anpuopHas KOBapHaIllMOHHAS MAaTPHIIA OMIHOOK PEIICHHUS
N =M|x—w)Xx—w) |

(pa3mepa nxn, CHMMETPUYHAs, TIOJIOKUTEILHO OIPECICHHAS)

B §1 Obuta moapoOHO HcclieioBaHa cleayromias 3ajada: mo 3aJaHHoMy f
) ) %) 2
HaliTM HEOTPHUATEIBHBIA BEKTOP y, NOCTABIAIOMIMNA MUHUMYM M|y —X°, Tae X —

pemenne cuctembl (3.6.2). bbulo Moka3zaHo, 4TO BEKTOP y MPEACTABISIET COOOMU
pelieHre clneayronen 3agaui KBaApaTuaHOro NporpaMMUPOBaHHUS:
(Bx— )" R™(Bx~ f)+(x—y) N (x—y) >min, x20. (3.6.4)

B nannom maparpade mpenacTaBieHbl  pe3yJbTaThl  MCCIIEAOBaHUS
CAemyIolel 3amaun [46]: MCIONB3ys CTATHCTUYECKHE NAHHBIE MEXKOTPACIEBOIO
6amanca 3A0 «KapauaeBckuit muB3aBo1» 3a 2007 roa, nmpuBecHHbIE B TadauIe 1,
0 33JJaHHOMY BEKTOpY crpoca f HalWTH ONTUMAJLHYIO B CPEIHEM KBaJIPAaTUIHOM
CMBICIIE OIIEHKY X pelleHus X OGanancoBoif Moaenu (3.6.2), HOCTPOEHHOI M0 ITUM
CTaTUCTHUYECKUM JTaHHBIM.

3A0 «KapauaeBckuii NHUB3aBOA» SIBIAETCS KPYMHBIM MNPEANPUSITHEM B

KYP, B kOoTOpBII BXOAAT ABa OOJBIIUX II€Xa: 1IeX MO MPOU3BOJICTBY aJIKOTOJIbHBIX
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U 1IeX IO TPOU3BOJICTBY O€3aJIKOTOJIBHBIX HAMUTKOB. JlaHHBIE 00 MCIIOTHEHUH
Oananca 3a otuetHblii 2007 rox nmpuBeaeHsl B Tadnuie 1.

Taoauna 1

Tadanna mesxkorpacieBoro dananca 3A0 «KapayaeBckuii muB3aBoI» 3a

2007 roxa (ThIC. pYO.)

Iexa,
Koneunniii | BajoBoii
exa, npousBoasimue MoTpedsoIme
CIPOC HA BBIIYCK
Mpoaykumro NMPOAYKIHIO
] 5 npoaykuuio | [Ipoayxkunu
Llex 11(0)
MIPOM3BOJICTBY
1 | aJIKOTOJIBHBIX u | 19535 652 12371 32558
0€e3aJIKOrOJILHBIX
HAIIUTKOB
2 | llex po3nuBa 3792 2528 6318 12638

CornacuHo JdaHHBIM, IIPUBCACHHBIM B Ta6J'II/II_[C 1, TCXHOJIOTHNYCCKAA MaTpHIld

An BCKTOP KOHCYHOI'O CIIpOCa f UMEIoT BU:

0.6 0.02 12371
A= , = : (3.6.5)
03 0.2 6318
O6o3HaunM Yepe3 X, — BaJOBBIM BBITYCK I€Xa IO MPOU3BOJICTBY

AJKOTOJIBHBIX M 0€3aJIKOT0JIbHBIX HAIInuTKOB, X, — BaJIOBBIN BBIITYCK II€Xa PO3JINBA.

. X o
BpiuriciuM BHavasie BajOBBIM BBINYCK x:( 1) uexoB 3A0 «KapauaeBckuit

X2
NMB3aBO/», HE YUYUTHIBas ClydailHble MOMEXU Mpu (POpMUpPOBaHUM BeKTOopa f .

Bocnonb3oBaBmumcs (3.6.2) u (3.6.5), umeem:

X, 0.6 0.02)( x, 12371
= + , X, 20, x,20,
X, 03 0.2 )\x, 6318

50)0%1
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x, = 0.6X, +0.02x, +12371,

X, = 0.3x, +0.2x, + 6318, (3.6.6)
X 20, x, 20.
U3 (3.6.6) cienyer, uto
x— (Xj _ [32558} (3.6.7)
X,) \12638

[TycTs pu popMupoBaHUM f YUUTHIBAIOTCS CIIy4aliHbIE IIOMEXU (OLIUOKN).
[To pesymbraTaM CTaTHUCTUYECKUX HAONOJEHUN OBUIM HANIEHBI YETHIpPE
peanm3anuyi  CIIy9alHOTO BEKTOpa V, TMPEACTABISIIONIETO CO0O0M  OmMOKY

u3MepeHus Bektopa f (B Tabmwuie 1 mpeacTaBieHbl yCPEIHCHHbBIC 3HaUCHHS f ):

( 01 ) (— O,l} (0,2} (— 0,2]
v, = ,V, = , V= ,V, = :
-0,2 0,2 01 -01
Cormnacno (3.6.1), (3.6.3)

04 -0.02
B:E—A:( J

-03 08

HaiizieM oNTHMAaNBHYIO OIIEHKY X BeKTopa X H3 (3.6.4).

U3 IMPUBCACHHLIX BBIIIC JaHHBIX CICAYCT, YTO

1 0
Mvzz[vl+v2 +V, +V4]:[0J’

r¥) =0,025,
Y =0,
0 =0,
ris) =0,025,

q ry rd)_(0025 0
ol 0 0025)

HavanpHoe mnpubmmxkenue w jaua Bekropa X w3 (3.6.4) 3amaHo

_Bl.fo 2548 0.064) (12371) (31921
V= 10955 1.274) | 6318 ) (19868)

BBIPAKEHUEM:
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[ToxcraBmsist B (6.4) moJydeHHbIC YHCICHHBIE 3HaYeHUs B, f ,w,R™,N". ¢

nomonipio mporpammel  Microsoft Office Excel 2003 nHaxomum onTUMalIbHYIO

OLCHKY X BCKTOpa X.

% = (31025] | (3.6.8)

CpaBHuBas pe3ynbTaThl (3.6.7) u (3.6.8) 3akioyaeM, YTO 3HAUYEHUS X B
(3.6.7), (3.6.8) 3aMeTHO OTIMYAIOTCS OT BAJIOBOI'O BBITYCKA IIEXOB, IPHBEICHHOTO
B Tabnuie | mpu OogHOM M TOM JK€ crmpoce Ha mpoaykunuio. CremoBaTeiabHO,
00BEMBI MPOU3BOJICTBA 00OUX 11€XOB ObUTM HEOOOCHOBAHHO BEIHMKU U UX CIEAYET
CKOPPEKTUPOBATH COTJIACHO NPUBEJICHHBIM pacueraMm (4ToObl M30eXaTh MOTEpPh

IPOAYKIIMH ITPH €€ PeasTi3allnn).

BriBoasbl k ri1ase |1
B Tperbell rnaBe MPUBOIATCS PE3YIbTATHl UCCIEIOBAHUI HEKOPPEKTHBIX
Mojesel (Moaenel co ciydaliHeIMU IymMamu). B mepBom naparpade nccnenoBana
oJHoIaroBas (GuibTpanus OMMUOOK M3MEPEHUN BEKTOpa crpoca B OaniaHCOBOI
Mozenu JleonTeeBa. B 3T0il e riiaBe MpUBOJAXUTCS U MHOTOLIATOBasi ONTHUMAaIbHas
¢wibTpanus ommbOOK m3MepeHuit Bekropa crnpoca f. B § 3 Obuta mocraBieHa

3aa4a: 10 3aIaHHBIM HaOIIOIeHuAM Z(t) Ha uHTepBaie [0,t) HAlTH TaKylo OLEHKY
y(t) Benmmumnbl K(t), KOTOpas J0CTABISET MUHUMYM BBIPOKEHHIO
(K(t)-y(t)? - min, telo,T].
4
Takas onenka K(t) mpeacraBiseT cOOON YCIOBHOE MAaTEMATHUYECKOE OKHMIAHHE
K(t)=M[K(t)/Z(t)] u ObL1a ompenerenHa myTeM pelieH s 3a/1auH:

%ﬂ = [A(t)— o(t)D?(t)- R’l(t)]R(t)+ o(t)DE)R(t)-Z(t), (3.3.5)

K(0)=0.
B § 4 paccmorpena onTuMmanbHas (GUIbTpaLMs CIy4yalHBIX IOMEX B

JUHAMUYeCKor Mojenu JleoHTheBa, T1e Oblaa perieHa 3a7adva: 1Mo 110 3aJaHHBIM
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HaOmonenusM Z(t), te[0,T] , Haiitu Takyro ouenky (t) Bekropa x(t), KoTopas

JOCTABISET MUHUMYM BBIPAKEHHUIO
(x(t)—#(t)? — min, t[0,T].
/4

DTa olleHKa MOXKET ObITh HaliZieHa Kak penieHue 3agaun Kommu:
ox(t)

= = [B7A(E - AR)-Z0)DT()-R*OD@)] %)+ 2T MR (1)-2(1),

x(t,)=0,

rie Y(t) yzoieTBopseT apyroii 3agaye Komm:

92 g As Tl e AGTY ~S07(0-R () DL +0)

ty) =2,

B §5 npuBegeH pe3ynbTaT HCCAEOOBAHUSA 3adayd: [0 33JaHHBIM
Habmonenusam Z(t), t<[0,T], naiitu Takyro ouenky p(t) dynkumu y(t), KoTopas
JOCTABJIIET MUHUMYM BBIPAKEHUIO

(vt)- )", te[oT].

OTta OLICHKA MOXKCT OBITH Haﬁz[eHa IIyTCM PCIICHUA 3ada4n:

S _ [ - ) - Z00D” (0 R*ODO] 10+ ZODT R 0)- 200

dt
y(to):().

B § 6 HaiineHa oleHKa BaJOBOrO BBIMYCKA MPOAYKIMU 3aKPHITOTO
aknuoHepHoro oOmecTtBa «KapadaeBckuii mmB3aBoa» T. KapauaeBcka. 31ech
IPEACTABIEHBl PE3YNILTAThl MCCIENOBAHUS CIEAYIOIen 3amaun [43]: ucmonb3ys
CTaTUCTUYECKUE JlaHHble MexoTpacieBoro ©Oamanca 3A0 «KapauaeBckuit
nuB3aBo» 3a 2007 roja, mpuBeAcHHBIE B TaOmmie 1, MO 3aJJaHHOMY BEKTOPY
cnpoca f HaWTH ONTHUMAJbHYIO B CPEIHEM KBAJAPAaTUUHOM CMBICIE OIEHKY X

peueHust x OaancoBoi mozaenu (3.6.2), MTOCTPOCHHOMN MO ATUM CTATUCTUYECKUM

JTAHHBIM.
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Bomnpocs! k riaase 11
UTo Ha3bIBAETCSI MATEMATUYECKUM OXKUJIaHUEM?
Uto Ha3bIBaeTCs qucrepcueii?
Yro HazpiBaeTca KOG HUIIMEHTOM KOBapHaIiu?

Kaxkas MaTpulla Ha3bIBACTCA KOBapHaHHOHHOﬁ?

o~ wwDnp e

B gyem cmbicn punbsTpa Kanmmana-berocu?

I'JIABA IV. KOPPEKTHOCTb MATEMATHYECKHNX MO/IEJIE,
OIINCBIBAIOIINX BUOJIOT'MYECKHUE IMPOLHECCHI

§ 1. 06 00Hom memooe pe2yaapuzayuu 3a0auu Kowu co cmeumannvim
Hocumesnem

IMycte Q = {(X, ¥): 0 < x<r, 0<y<T} - npamoyroipHas 00JIaCTh Ha
CBKJIU0BOH TJIOCKOCTH TOUeK, Z = (X, Y), Z = X + Iy — KOMIUIEKCHas TIepeMeHHas;
Q) - 3aMmbIKanue obactu Q;

Gx0 ={(X’ y) y:O:O§X< r},Goyz{(X, y) : X:090§y<T}7G:GXO UGOy-

B kadecTtBe ya0OHOW MareMaTHYECKOW MOJEIM MHOTUX TIPOIIECCOB,
npoTekaromux B (U3MYECKUX U OHMOJOTMYECKHUX CHUCTEeMax, JIOIMyCKaroIlien
noApOOHKIN aHaIN3, MOKHO BBIOpaTh 3a1auy Komm co cMelIaHHbIM HOCUTENIEM G
JUJIS1 KJIACCUYECKOTO YPaBHEHHUS TEIJIOMPOBOIHOCTH

2
a’u, —u,=0, a=const>0. (4.1.1)

B nmannom maparpade moapoOGHO uccnemyercsa ciemyromas 3amada Komu:
HalTH peryisapHoe B obmactu € perrenne U=U(X,Y) ypaBuenus (4.1.1),
HEMpepbIBHOE B () U yJIOBIETBOPSIONIEE 3aJaHHBIM YCIOBUSIM:

u(x,0)=¢p(x), xeo,, (4.1.2)
u@,y)=z(y), uQy)=v(y), yeo,. (4.1.3)

B wactHocTH, K 3amade (4.1.1) npumMbikaeT 3ama4ya TOpHIIN, KOTOpast SIBJISIETCS
MpPOCTOM MOJIEIbl0 criupaibHoro ¢umiorakcuca [52]. B 3amaue Topuiu
ypaBHenue (4.1.1) 3ameHseTcst ypaBHEHUEM

2 _
a’u, —u, —yv=0, (4.1.4)
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a riepBoe yciosue B (4.1.3) — HETOKaIbHBIM YCIIOBHEM
u(,y)=u(r,y), 0<y<T. (4.1.5)
Otpe3ok Ggy, Ha KOTOpoM 3amaerca yciosue (4.1.3), mpeacrtaBiseT coboii
BPEMEHHIION00HOE MHOroo0Opasue. OTpe30K Oyy SABISETCA XapaKTEPHUCTHKOM
ypaBHeHui (4.1.1) u (4.1.2).

WzBectHO [52], uTO 3amaua ompenencHus B obsactu Q pemienus U(X,Y)

ypaBHenus (4.1.1), ynmosiaerBopsiomiero ycimoBusMm (4.1.3), He sBigercs
KOPPEKTHOM 1Mo AJlamapy, XOTS OHa MMEET, U MPUTOM €JIMHCTBEHHOE, pEelICHUE,
T.K. OHA SABJISIETCA HEYCTOMYUBOMU.

B 3amerke [52] A.M. HaxymeB B Te3ucHOW ¢opMe MPeIIOKUI
peryispuszoBath 3anauy 1, 3ameHuB ypaBHeHue (4.1.1) ypaBHEHHEM B YacCTHBIX
MIPOU3BOIHBIX BUIA

a’u,+su_—u, =0, (4.1.6)

i€ € — MaJIbIi MOJIOKUTEIBHBIN MapaMeTp.

VYpaBuenue (4.1.6) ana mobGoro € > (0 sBasSeTcs ypaBHEHUEM
TUMEpOOTNYECKOr0 THIA, HWMEET JBa CEMEWCTBa MPOCTBIX XapaKTEPUCTHK
y=const, a’y—&x=const, TIEpBOC M3 KOTOPHIX COBIAJaeT C CEMEHCTBOM
XapaKTepUCTHK ypaBHeHus (4.1.1).

Hanee, He Hapy1Iasi OOLIHOCTH, MIpeAoaraerTcs, uro a =1.

®dynnamenrtanshoe pemenue ['(z, ) =T (X, Y; & ) ypaBuenus (4.1.1), kak

XOpOIIIO U3BECTHO, ONpeAesieTcs: popMyIon

red)=; s exp[— —flfy‘i)?)} C=En). yon (4.17)
XK. Anamap [42] npennoxun ypaBaerue (4.1.6), utoObl okaszarb, 4uto (4.1.7)
npu ¢ = 0 MOKHO TIOTyYUTh KaK mpezen npu é— 0 pyHkiuu Pumana.
B nmanHoMm maparpade mpemiaraeTcs KCIOJIb30BaTh  «BO3MYIICHHBIM
nuddepeHnnanbHblil ornepaTop
A, = 622 +& o _9
OX OXoy oy
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sl peryidpu3auuu 3azadd 1w 3amaym Komm gyt omeparopa
A,=0%10x*-0l0y.
2. 3agaya Komm 1iisi ypaBHeHHMsI ¢ MaJbIMH napamMerpoM. B mepByro

ouepenb paccMoTpuM 3aaady Komu (4.1.3) a1 ypaBHeHUs

A, u=0 (4.1.8)
B 00nactu €2;, OrpaHMYEHHON OTPE3KOM Ggy M XapakTepucTukamu y = T,y = ¢ X
(cm. puc. 1):
: , n 5
il ¢ pt L
\l QE/ Ae /
|
> :
4w// 3 4 >
Puc. | Puc. 2

Ao = (0, 0), By = (0, 1),
Co=(T/¢e 1), A4g Co .y = &x,
AC:n=¢ C=(T, 1).
B ypaBuenuu (4.1.8) nepeiiiem K XapakTepUCTUIECKIM KOOpAWHATAM ¢ = ) —
€X, § =y ¥ K HOBOU nepeMeHHou V = V(¢, 1) mo popmye
u=v(&,m)exp[—(¢ +mn)/&°]. (4.1.9)
B pesynbraTe o6sacth ;. orodpasutcs Ha odnacte A, = {(& n): 0 < &< n < T},
otpe3ok Ag By B otpesok AC, By Cy — B BC, Ay Cy — B AB; ypaBuenue (4.1.8)
3aIUIIEeTCs B BUIE
(52 o —i—ij u (’7_5,77)=0; (4.1.10)
oé&on o0& Onm £
byukuus Vv = V(& 1) B obnactu 4, Oyner, B cuny (4.1.3), (4.1.9) u (4.1.10),

penieHueM TenerpaHoro ypaBHeHHUs

2
#9V oo, (4.1.12)
0§ on

yaoBieTBopstonmM Ha AC yclIOBUIO
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=v,(7), (4.1.12)

oy =2e). [ 50—v
AN Py
rae

7o () =r(mexpl-27/€°], v, (1) =—ev(m)exp[-2y/’]. (4.1.13)

3. ®yuknuu Pumana aisi ypaBHenus (4.1.11) ¢ majabiM mapameTpoM H
MHULIHNPOBAHHBbIE €€ crelUaibHble (PYHKIIUH

B ob6mactu 4, paccMOTpUM ypaBHEHUE

U
2 =U, u=¢& 4.1.14
7 Xy 7 ( )

W3BectHO (cM., Hampumep, [50, c. 194]), uro pynkuus Pumana R(X, y; & #)
s ypaBHeHust (4.1.14) omHO3HAYHO ONPEACIACTCS KaK PEIICHUE CIICAYIOICTO
WHTETPAIILHOTO yYpaBHeHHs BonbTeppa BTOpOro poja:

17, 7
R(X,y;&.m) + ?Idxlj R, y.i:&mdy, =1, (&) €A, . (4.1.15)
4 n

W13 (4.1.15) caenyer, uto pemenue (4.1.15) npeacraBuMo B BHIE:

R Y;&n) =@ (2), (4.1.16)
rne @(Z) — nenpepwiBaas pyHkiwms aprymenta Z = XY, X =x = ¢ Y=y —y.
C yuerom (4.1.16) u3 (4.1.15) umeem:

[1-D(2)]u? = dejcp(xlvl)dvl; (4.1.17)
2.7 175 i .

1D (2) =-y ! @(XY,)dY, = —! d(Zt)dt; (4.1.18)

W[Z2D(2) + @ (2)]=—D(2). (4.1.19)

PasenctBa (4.1.17) — (4.1.19) mo3BoJIsAtOT yTBEpXKAaTh, uto GyHKIUI D (Z)
JIOJKHA YIOBJIETBOPSATH OJJHOMY M3 CICIYIOIINUX JIBYX YCIOBHU:

O0) =1, @0)=-14" (4.1.20)

U1 BeIpoKpatomerocs npu Z = 0 oObIKHOBEHHOTO AuddepeHInaIbHOTro

YPaBHEHUS BTOPOTO NOPSIIKA

82



P diZ[ZqD'(Z)]JrcD(Z) - 0. (4.1.21)

1 2
[ycts po=(p, p5, ..., p') — Touka u3 R" ¢ HONOKUTETEHBIME KOOPAMHATAMUY;

1 2 n
=( m, ..., U ) - BEKTOpP C KOMIIJICKCHBIMH KOMITIOHCHTaMH,

E, [z;u]= ~ (4122
un 246 kz—éf(ﬂl+plk)F(ﬂ2+p2k)--f(ﬂ"+p”k) ( )

obob6mennas Gpyukius Paiita [4] u Mutarr-Jleddnepa [6];

Em (2] Zl//(/l + oK)y (1” + p’k).. 1//(#”‘+p””k)zk (4.123)
YR @ T+ p ) (W p7K) (4 pTK)

e y(z) =1 (z) /I(Z)- ncu- GyHKIHL.
[pu n =2, po= w= (1,1) pyukuus (4.1.22) coBmajaeT ¢ GpyHKuen

o0 o0

(@)= Zc;'1ﬁ2(1+k Z k')z’ (4.1.24)
a pynkius (4.1.23) — ¢ pyHkumei
E; [z (L] = ZV’EEI; D z", (4.1.25)

KOTOpYIO OyeM 0003Havath uepes J« (2).
Oynkius  (4.1.24) seiasercst pemenmem ypasuenus [z J (2)] =),
dynxupeit Beccenst Jo (2) oHa csizana dopmyioit Jo () = I(-2°/4) [6, c. 150].
Nmeet MecTo crenyrommas

Jlemma 1. Obwee pewrenue oughghepernyuanvrozo ypasnerus
di[z w(z)]-w(z)=0 (4.1.26)
yA

3a0aemcs hopmynotl
w(z) = C; J(z) + C,[ J(2) log z - 23+ (2)], (4.1.27)
20e Cyu C, 08e npou3ssonvHbvle NOCMOsHHbLE.
®opmyna (4.1.27) BbITEKaeT U3 «OOIIEro WHTETpaia », BBIITUCAHHOTO O.

['ypca [22, c. 405] B cnenyromeit popme:

w(z) = ClJ(lx)+C2{](1x)logx 2(1+;+ +1J1 an }

DTO JIETKO YBUCTH, €CIIM 00paTUTh BHUMAHKE HA TO, YTO
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o1
a k
B cuny (4.1.24) u (4.1.25) J«(0)= w(1), J(0)= 1. ITosromy wm3 (4.1.27)

J(@,x)=J(x), =y (n+1) -y ()

3aKJII0YaeM, YTO BHJIOM3MEHEHHas 3amada Komm: limw(z) =w, <oo 11 ypaBHEHUS
t—0

(4.1.26) umeeT U IPUTOM €IUHCTBEHHOE pereHue W(z) =Wy J(2).
EnuncrBennoe pemenne D(Z) cnenuaibHOM BHUJIOM3MEHEHHOW — 3aJadd
Ko (4.1.20) nns ypaBaenust (4.1.21) umeet Bun (cm. [23,¢. 150]):
D) =J (-Z14%). (4.1.28)
Cornacho (4.1.16) u (4.1.28) dyukuua Pumana nist ypaBHEHHUSI OJTHO3HAYHO
omnpenensiercs: GopMyson
R(E 1: &o. m)=d(- (/&) £= (&= S)(n o).
OTcrona, BO3Bpalasich K MPEXHUM NEPEMEHHBIM, MOTYYUM (yHKIHIO Pumana R,

R (X Vi X ’y):J(_(y_‘gx_yo+€Xo)(y_yo)jexp|:gx_2y:|:

& g

( J = Yo)(y —ex— yo+e><)je><p[ —Zy}

&

(4.1.29)

[Monp3ysch acUMOTOTHYECKUM mpencTaBieHueM (ynkiun beccens (4.1.24)
JUTs OONBIIMX 3HAYEHUN apTyMEHTa, MOXHO ToKa3aTh, uTo GyHkus (4.1.29) npu
e—0 ctpemutcs x pynkuuu (4.1.7).

Pemrenne Uy(X, ¥) 3anaun Komm (4.1.3) mis ypaBuenus (4.1.8) B TpeyroiabHOM
oOmactu ). BRIMUCHIBAETCS B IBHOM Buje uepe3 ¢pyHkiuio Pumana (4.1.29). Ilycts

Yo(X) —ciaen 3Toro peeHus Ha xapakrtepuctuke Ag Co: y= ¢ x (cM. puc. 1):
Ug A)CO:‘//o(X)- (4.1.30)

B wactu ), oOnactu (), nexameld Huke XxapakTepucTtuku A, C,, pelieHue

OZIHO3HAYHO OIpesieNsieTcst Kak pemreHue U (X, y)mepBoil kpaeBoii 3anaun apOy

(4.1.2), (4.1.30) nnst ypaBuenwus (4.1.8).

Ecmu r = oo u pemenne u (x, y) 3amaun K, umercs B kiacce (QyHKITUH,

YIOBIIETBOPSIONINX YCJIOBUIO THXOHOBA, TO QYHKIIUU @(X), T(Y) ¥ V(y) HE MOTYT
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OBITHh 3aaHbl TPOM3BOJBHBIM OOpazoM. M3BectHo (cM. [52, c. 30]), uto ecnu

¢(x)=0, To 7(y) 1 V() IOMKHBI YIOBIETBOPSITh YPABHEHUIO
av (5)+D}r(7) =0,
rje Dé’yz -oneparop ApooHoro auddepeHupoBanus mopsaka 1/2 ¢ HavamoM u

KOHIIOM B TOYKax Ou Y COOTBCTCTBCHHO.

§2. Ananus 3a0auu Topunu

1.  TocramoBka  3amau.  Ilycte:  Q={(xt):0<x<I,0<t<T}~
OpsSIMOYTOJIbHAsE ~ 00JIaCTh HAa  eBKJIMIOBOW  IUIOCKOCTH  TOYeK  z=(X,Y)
z = X+ iy — KOMIUIEKCHAs IIEpEMEHHAsT; Q —3aMbIKaHUE 00JIacTH Q.
Paccmotpum ypaBuenue nuddys3uu
v, =a’v, —w, a=const>0. (4.2.1)

3anaua 1. Haittu peryinsipHoe B 00JacTu Q pelIeHHue v =V(X,y) YpaBHEHUs

(4.2.1), HenpepBIBHOE B Q) U YAOBIIETBOPSIOIIEE YCIOBHSIM:

—a’limv, :%So(t), 0<t<T, (4.2.2)

x40
v(0,t)=v(l,t), 0<t<T, xelo,l]. (4.2.3)
JlanHast 3a/1a4a B MPOCTEUIIIEM clTydae, Koraa

S,(t) =S, exp(—t), S,=const>0, u=const<y, y=const (4.2.4)

U KOHIIEHTpaIus MopdoreHa MEHSETCS 10 SKCIIOHEHIIMAIIbBHOMY 3aKOHY
Vv =gp(X)exp(—4t), (4.2.5)
BIiepBhIe OblIa HccienoBana [x. I'. M. TopHiu, MOATOMY HEJOKAJIBHYIO 3a7a4y

(4.2.1) — (4.2.3) 6ynem Ha3bIBaTh 3agaueii Topriau [52].

N3 (4.2.4) cnenyer, urto (4.2.5) sBusiercs peumienuem 3aaauu (4.2.1) — (4.2.3)
TOTJa W TOJNBKO TOTrAa, Korga QYHKIHUS ¢@=@(X) SBISETCS PETYIsIpHBIM B
uHTepBanie 0< x <| perieHneM ypaBHEHUS

@' -2p=0, A=\y-pula, (4.2.6)

YAOBJICTBOPAIOMIUM YCIIOBHUIO
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—a%0(0)=5S,/2, ¢(0)=¢(l). (4.2.7)
Ecim A #0, TO eqHCTBEHHOE penieHue 3aaaun (4.2.6), (4.2.7) 3amaercs
dbopmyoi

_S,chjA(x—1/2)]

P = alsh(ilI2) (4.2.8)

[Ipu 1 =0 pynxuus (4.2.8) xapakrepuzyetr MOpGOTreHHOE T0JIe, TOPOXKICHHOE
CTAIlMOHAPHBIM UCTOYHHKOM CHJIBI S, [52].

Jlemma 1. Ilycte v-— perymipHoe mpu O<x<l, 0<t<T, pemeHue
ypasHenus (4.2.1), HenpepsiBHoe B Q =[0,1]x[0,T] u yaoBneTBopsromniee ycioBU

limv, =0, v(Ot)=v(l,t), 0<t<T .

X—>+00

Toraa HoJIOKUTENBHBIN MAKCUMYM (OTPUIIATELHBIA MUHUMYM) QYHKIMH V B Q
JOCTHUIacT JIMIIb B HAYaJIbHBIII MOMEHT BPEMEHH.
N3 nemmel 1 cnenyet, uro 3amada TOpHIM HMEET EAUHCTBEHHOE PELICHUE.

3aMeHa u=vexp(yt) CBOAUT 3ajadyy TOpHIM K CIEIYIOIIEH HEIOKaJIbHOU

KpaeBoM 3asade aiisi ypaBHeHus auddysun Oypobe

2

u =a’u, a=const>0, O<x<l. (4.2.9)

3apaua 2. Hailtu perynspHoe B o0nacTu QpeleHue u=u(x,y)ypaBHEHUs

(4.2.9), HenpepBIBHOE B QM YAOBJIETBOPSIOIIASA HAYAILHBIM YCIOBHAM

u, (0,) = v(b),

u(0,t) =u(l,t), 0<t<T, (4.2.10)
rae
2a%v(t) = exp(31)S, (1) ,
Sy(t) =S, exp(—t), S =const>0, p=const<y, y=const.
[IpeoOpa3oBanue x=X, Yy=a’t npuBoaAUT ypaBHeHHE (4.2.9) K ypaBHEHUIO
Dypbe

—u, =0. (4.2.11)

[ToaToMy MOXHO cuuTarh, 4TO0 a=1. OyHIAMEHTAIBHOE PELICHUE YPaBHECHUS

(4.2.9), Taxxe kak u ypaBHenus (4.2.11), onpexnensiercs Gopmyiioi
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G(X,y;E.m) = xp| - (¥=¢) } ysn, =) . (42.12)

— ¢
2\ z(y—m) { 4(y —1)
Onpenenenue 1. O600mEeHHBIM penieHreM ypaBHeHus (4.2.9) B obmactu Q

Ha30BeM J11000¢ HCIIPCPBIBHOC B S_)peHIGHI/IC Harpy’>XCHHOI'0O HHTCI'PAJIbHOI'O

YpaBHEHUS
u(x,y) = [u(0,7)G(x, y:0,m)dn - [u(l,m)G, (x,y;l,m)dn +
| 0 0 (4.2.13)
+ JUE0)G(x yi£,0)dE + F(x,y),
Trac
FOuY) =—[dn[G(x ;&) f (€m)dE. (4.2.14)

N3 cBoMCTB 3TOM (DYHKIUU C MTOMOIIBIO CXEMBI, TPUBOJISIICH K YPABHEHHUIO
(4.2.11), ybOexmaeMcs, 4To JIOOOE pelIeHHWE 3amauyud 2 npu a=1 SBISETCS

PELICHUEM HArpy>KEHHOTO HMHTETPAIbHOTO YPABHECHUS
u(x,t) + _:[u(l )G (x.t;1,m)dn = _:[v(n)G(x,t;O, n)dn + .:[(p(é)G(x,t; E,0)dE. (4.2.15)
Orcrona, yuutsiBas, 4yto u(0,t) =u(l,t), HaX0AUM
u(O,t)+jfu(0,77)G§(O,t;I,77)d77:CD(x), (4.2.16)
0

rac
®(x) = [V(n)GO,1:0,7)dn + [ p(&)G(0,t:£,0)dé

VYpaBuenue (4.2.15) umMeet U IPUTOM €IMHCTBEHHOE PEILLIEHUE, YIOBIETBOPSIOIIEE
YCJIOBUIO
u(0,t) =, (t).
[TosTomy pemienue 3anauu 2 npu a =1 3amaercs hopmyion (4.2.15), roe
u(l,n) =wo(n).
Eciu gomyctuth, 4TO V=U(X,t)exp(jt), Tae u(x,t)— pelIeHre Harpy>KEHHOTO

ypaBHeHUs Pypbe
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a’u, =o'(t), ot)= I}'I[u(x,t)dx , (4.2.17)

yAOBIETBOpstolIee ycaoBusM (4.2.10) u HaYaIbHOMY YCIIOBUIO
50)=0p. (4.2.18)
Torma moboe pemenue ypaBHeHHS (4.2.17), MOAYUHSIONIEECS TEPBOMY

ycaoButo u3 (4.2.10), MOXKHO IpeACTaBUTH B BU/IE

2

u(x,t) = ZX—a25’(t) +xv(t) +u(0,t). (4.2.19)
[Toacrasnss (4.2.19) B (4.2.17) u unTErpUpYy*, NOTYUUM:
_9M)z VO
S(t) = oo 1%+ 5 I +u(0,t). (4.2.20)
C npyroii cropossl, u3 (4.2.19) B cuny ycnoBus (4.2.10) umeem:
2a%v(t) = -15'(t). (4.2.21)

N3 storo paBeHcTBa cienyet, 4To S(t)u u(0,t) OJTHO3HAYHO ONPEACIISIOTCS U3

(4.2.18), (4.2.21) u (4.2.20).

§3. Pazpemuumocmov HauaibHO-2PAHUYHOI 3a0a4l,

onucvlearouieil paccesanue npumecu ¢ mypoyieHmuou ammocgepe

B Teopun u mpakTUKE COBPEMEHHBIX HMCCIEIOBAHUN PACCESHHS MPUMECH B
TypOyJIeHTHONH arMoc(epe HCHONIB3YIOTCS JBE HauadbHO-TPAHUYHBIC 3a7a4H,

KOTOpBI€ B caMO# 00111l TOCTAaHOBKE UMEIOT BU/I [47]:

3
+Z 22 50 ax , (4.3.1)
Ky =K, i,j=123
3
Z;Z%ﬂ (4.3.2)
te[0,T] 0<T<+4m, (X,X,,%X)eG,
qt, %, %,, %) =0, te[0,T), (X,%,,x%)eG, (4.3.3)
d(0, X, X5, X5) = @(X, X5, X5) 4 (4.3.4)
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q(t, X, X5, X3) |aG =y (X %5, %) 5 (435)

w (4.3.1)-(4.3.4), tne BmecTo (4.3.5) paccmaTpuBaeTcs TpaHUIla

o

3nech q(t, %, X%,,X;) - (YHKIUS, 3HAYEHUS KOTOPOW B KaXAbli MOMEHT

_v. (4.3.6)

Gy

BpeMEHU te [O,T) COBITAAaCT CO CPCAHUM 3HAYCHUCM KOHOCHTpAIUHU IIPUMCCU B

cBsi3HOM obnactn G, 6G =0G, UdG, udG,, 6G, - HIKHAA, 0G, - O0oKoBas, 0G, -
BEPXHSS 4acTH TrpaHUIbl 0G, G=GuUdoG; U, =u,(t,%,X,,X;), i =123, - QyHKINH,
3HAYEHHS] KOTOPBIX COBIIAIAIOT CO 3HAYCHUSIMU CPEAHEN CKOPOCTH BETPA B MOMEHT

t B TOuke (X;,X,,X;) COOTBETCTBEHHO BAOJb oceil Ox,, Ox, Ox, (paccMaTrpuBaercs
JIeKapTOBa NPSMOYTOJIbHAs CUCTEMa KOOpAMHAT); « = a(t,X;,X,,X;) - (YHKIIHS,
XapakTepu3ymolas yoblIb IPUMECH B MOMEHT t B TOUke (X, X,,X;) 3a CUeT JIubo ee
PaZAMOaKTUBHOIO pacraja, JuOO 3a CYET BCTYIUIEHHMS] B XMUMUYECKUE PEAKIMH C
BEILIECTBAMH, HAXOASIIUMHCSI B arMocdepe, U KOMIIOHEHTaMU aTMOC(HEpPHOro
Bo3ayxa; K =K;(t x,X,,X;), i,j=123, - DIEMEHTbl MaTPHULbl K0P UIHNEHTOB
TypOysneHTHoU quddy3un; f = f(t,x;,X,,X;) - QYHKIMS, MOJETUPYIOLIAs] HCTOYHUK
BBIOpOCOB BellecTBa B atMocdepy (PyHKIUsST HCTOUHHUKA); @ = @(X;, Xy, X;)

(GyHKUHMS, 3HAYEHUs KOTOPOM B TOYKE (X,X,,X;)€G B MOMEHT BpPEMEHH t,
COBNAJAECT CO 3HAYECHUSIMM KOHIEHTpAMM NpuMecu B atmocdepe (DyHKIMS,

o o
OMMKCHIBAIONIAS (POHOBYIO KOHIICHTPAIIUIO); aq - NPOU3BOJHASA 110 BHYTPEHHEUN
\Y

HOpMat 0G, .

o4 _ jim > aact, )
vt UMKy (€0 cos(NL ) ST, (437)

yeK !
X= X(X11 X21X3) y Y= y(X1' X2!X3) 1
N — BHYTpPEHHsS HOpMalb K 0G, B TOYKE Xe0G,, K— KOHEUHBIN, 3aMKHYTBII

KOHYC C BEpIIMHOW X e dG,, KOTOPBIM comepkuTcs B G+{x}, B(t, %, X,,X;),
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GyHKIUS, XapaKTepU3ylollas T'PaBUTALMOHHOE OCAXJEHUE MPUMECH Ha 0G,,

V(t,X,,X,,X;) - CKOPOCTb CYXOI'0 OCQXICHHS IIpUMECH Ha 0G,, te[0,T),

(X, X,,%3) €Gy.
dyukuusa ncrounuka npumecu f 3amaercs B Buge [47, 67]:
f(t, X, Xy, X3) = Q(t, X, Xy, X5 )O(t, X1, Xy, X3) (4.3.8)
rae Q(t,x) - MOITHOCTh UCTOYHHMKA MIPUMECH (Macca MPUMECH, BEIOpAachIBaeMOM B
obmactu G B MoMeHT t B Touke xeG), S(t,x) - aenpra pyHkus Jupaka. [lpu
ATOM, €CJTM UCTOYHUK SIBISIETCS (t, - MOMEHT Havasia ACHCTBUS NCTOYHHKA):
1) TOYEUHBIM, COCPEIOTOUYCHHBIM B TOUKE X, = (X, X5,%X)) G,
1.1) MmrHOBEHHOTO AeHCTBUs, TO Q(t,X) =Q = const
(1% %, %) = QO30 —X0)S(x, ~X2)3 (K —X0) |
1.2) HEnpepBIBHOTO IEUCTBUS, TO
Q(t,X) = Q(t), f(t%,%;,%;) = Q)X — XIS (X, = X5)5(Xg — X3 ;
2) JIMHEHHBIM, COCPETIOTOYCHHBIM Ha MHTEPBAJIC [a,b] YMCIOBOM MPSMOH,
napayuienbHoOi ocu Ox, U mepecekaromiei ocb Ox, B Touke (0,0, X;)

2.1) MTrHOBEHHOT'O JIEHCTBHUS, TO

Q(x2), X9 €[a,b],
Qt.x1.x2.%3)=1 X2 #[a,b],

f (t' X1y Xz Xs) = Q(X2)5(t)5(xl B X10)5(X3 o Xg) ;
2.2) HEenpephIBHOTO ACUCTBUS, TO

Q(t,x,), te[0,T], x5 €[a,b],

Q(t, X1, Xp, X3) = 0, X, ¢[a,b],

0 0y -
f (t1 WNIRY Xs) = Q(L X2)5(X1 —X )5()(3 - X3) )
3) 1IoIIaHBIM, COCPEIOTOUYCHHBIM Ha IUIOMIAKE S, JeKaleh Ha MII0CKOCTH
x,0x, , ¥ Iepecekaromeii ock Ox, B Touke (0,0, x?)

3.1) MTHOBEHHOTO JAEHCTBUS, TO
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Q(X,X2), X1,Xp €S,

Qt X1, X2, X3) =1 X{, %o &S

F(t X0, Xz, %) = Q(Xy, %, )OS (X; = X5) ;
3.2) HeNpepBIBHOTO JICHCTBUS, TO

Q(t,Xl,Xz), tE[O,T], X1, X2 e S,

Q(t1X11X21X3): 0, Xl,Xzés,

f(t, Xps X2,X3) =Q(t, Xgs X2)5(t)5(xs - Xs?) ’
4) TMOBEPXHOCTHBIM, COCPEIOTOUCHHBIM Ha MMOBEPXHOCTH S, Tena [
4.1) MTHOBEHHOTO JICUCTBHS, TO
Q(x1,X2,%3), (X1, X2,%2) €Sz,

Qt.x1. X2, X3)=1 (X1, X2, X2) €S 7,

FE X0 %0 X5) = QX Xp, %) (D) 5
4.2) HEenpephIBHOTO JACHCTBUS, TO
Qt, X1, %2,X3), te[0,T], (X, X2,X2) €S,

Q(t X1, X2, X3) = 0, (X1, X2,%X2) €Sz,

f (6%, X5, X5) = QX5 %5, Xg)

VYpasuenue (4.3.1) MOKHO TIepenucaTh B SKBUBAJICHTHOM BHJIE:

3 3
= K. , 4.3.
;,Z;‘ ! axax (4.3.9)
—iaat”, i=123. (4.3.10)

Craenyert 3aMeTHTb, uTo ypaBHeHHue (4.3.9) ((a 3HauuT 1 (4.3.1)) coBnagaer ¢

YPaBHEHUEM:

Lu=f, (4.3.11)

Lu= ii“"axax +3h, +cu—gl:, (4.3.12)

i=1 j=1 i=1
u3 [83] mpu n=3 C TouHOCTHIO n0 3Haka y f wu f,. f wu f, wumeror

IpOTHBONOJOXKHBIE 3HaKU (cM. (7.1) u3 .1, (3.2) u3 rn.2, (2.12) u3 . 3, (1.1),
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(1.3) w3 . 5 [84]). DroT dakT Oymer yUHUTHIBATHCS B TPHBOJUMBIX HIDKE
pe3ysbTaTax UCCIICIOBAHMS.

YpaBHEHUIO (4.3.1) MIOCTABUM B COOTBETCTBHE YPABHEHUE

3
+Zu P ZZ Ky —++Q, (4.3.13)
it a1 OX 8x
ypaBHenuto (4.3.9) — ypaBHeHue
3 3
+Zh o T= ZZK.,aXaX +Q, (4.3.14)

i=1 j=1
oTanyaromuecss coorBerctBeHHo oT (4.3.1) m (4.3.9) mumb Bugom (ysknun f
BMecTo f 3amaBaemoii BeipakeHuem (4.3.8), 31ech paccMaTpuBaeTCs MOIIHOCTD
HCTOYHHKA ITpUMECcH Q.

B nanHoMm maparpade uccieayioM ClEAYIONIyO 3a1auyy: HalTu (yka3athb)
YCJIOBHS, TIPH BBIMTOJHEHUH KOTOPBIX 3aaa4n (4.3.1)-(4.3.5). (4.3.1)-(4.3.4), (4.3.6)
UMEIOT €AMHCTBEHHOE pelieHHue (MO pelIeHneM KaKIOW W3 ITUX 3adad Oylaem
OHMMATh 00001IeHHOEe pemeHue B cMbicie [43]).

HecMoTpst Ha oueBHIHYIO HEOOXOAMMOCTh MTPOBEACHUS TAKUX MCCIIEIOBAHUIMA
(peuieHu0 aHATUTUYECKUMH W YHUCJICHHBIMH METOJIaMH YKa3aHHBIX HavaJbHO-
I'PaHUYHBIX 33/1a4 TOCBSIIEHO 3HAYUTEILHOE YHCIIO padOT, B KOTOPHIX M3HAYAIBHO
SBHO WU HESBHO JOIYCKAETCs, YTO peIICHUE paccMaTpuBaeMou 3aaauu
CYIIIECTBYET U €IUHCTBEHHO), TIOJIOOHBIX MCCJICIOBAHUA B ATOM HAMPABICHUH IO
HACTOSIIIIETO BpEeMEHHM He NpoBoawiock. Kak mpaBumiio, aBTOpHI IMMyOJIMKAIUH,
MOCBSAMIEHHBIX Pa3IUYHBIM MPOOJEeMaM MaTeMaTHYECKOTO  MOJEIUPOBAHUS
paccesiHus mpuMecH B atMmocdepe, Tu00 BOOOIIE HE 3aTParuBarOT ATOT BONpoc (O
CYIIECTBOBAHMM M E€IMHCTBEHHOCTH pEIIeHUs), JTuO0 0e3 JOMKHOTO Ha TO
OCHOBAHUS CChIIAIOTCS Ha Kiaccuyeckue padcotsl [84], [43]. Hmwke moxHO Oymer
yOequThCs: JOCTAaTOYHO SICHOE M UETKOE OCBEIEHHWE JaHHOTO BOIpOca He
SIBJISICTCS. TPUBUAIBHBIM U TPEOYET CKPYITYJIC3HOTO aHAIM3a pe3ybTaToB u3 [84],
[43]. Uckirouenne cocTaBisger MoHorpadus [47], oqHako B 3To# paboTe HaWICHBI

JIMIIb  TOCTATOYHBIC YCIIOBHS €IMHCTBEHHOCTH pelreHust 3amad tuna (4.4.1)
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((4.3.9)) - (4.3.5), (4.3.1) ((4.3.9)) - (4.3.4), (4.3.6). Bompoc 0 cymiecTBOBaHUH UX
perrenus B [47] He 3aTparuBa’cs.
Teopema 1. Ilycte kodbduumentsr u,, K;, a, i j=123, npuHauiexar
i
T

ﬂvi =T —
kiqaccy H 2(Ds) ® orpaHudYeHbl Ha D, , KpoMe TOro u;, K; HEIPEPHIBHO

nuddepeHupyeMs mo x;, i,j=123 B D}, Q20, ¢=0, Q, ¢ OrpaHHYCHH, Q

YIOBIETBOPSIET YCIOBUIO I €nbepa ¢ mokaszaTeneM S, ¢ HElpephiBHA B D, , 0G

yIOBJIETBOPsET ycioBusM JlsnyHnoBa. Torma 3amava (4.3.1) — (4.3.5) mpu y =0
MMEET E€JUHCTBEHHOE pEIlICHHE, COBIAJamoliee ¢ pemeHueM 3anauu (4.4.13),
(4.3.2) — (4.3.5).

Jloka3aresibCTBO.

«Tak kak u;, K, i,j=123 HenmpepsIBHO Au(depeHIpyeMs! o X, B D, , TO

ij?

ypaBHeHue (4.3.1) skBuBaneHTHO ypaBHeHuio (4.3.9), ypaBuenue (4.3.13) -
ypaBHeHuto (4.3.14).

Paccmotpum 3amauy (4.3.13), (4.3.2) — (4.3.5), koTopasi 5KBUBAJICHTHA 3a/1a4e
(4.3.14), (4.3.2)- (4.3.5). [Ipu BHINIOJHCHUH YCIOBHIA JTAHHON TEOPEMBI, OYCBHJIHO,
BBITIOJIHSIOTCSL YCIIOBUS TeopeMbl 16.2 u3 1. 4 § 16 [43], a 3HauuT, pelicHue
3amaun (4.3.14) ((4.3.13)), (4.3.2), (4.3.4), (4.3.5) cymiecTByeT, TEOPEMBI 5.2 U3 I
4 § 5 [43], a 3naunt pemrenue 3anaun (4.3.14) ((4.3.13)), (4.3.2), (4.3.4), (4.3.5)

€IMHCTBCHHO M OHO IIPCACTABUMO B BUC.

t
At X, X, %) = [ A7 [[] 6o (6% X0 X357, ¥, Y, Ya)Qely,dly dys +
0 G

+ [[] 90t %0 %0 X037, V1 Vo Yo )@Y Vs Vo) dYadly 0y (4.3.15)
G

(cM. cootHomrenue (16.17) u3 [43]),

e go(t X, %, X5:7, Yy, Ys, ¥o) - QyHKImsS [puna mis 3amaum (4.3.14) ((4.3.13)),

4.3.2), (4.3.4), (4.3.5) B oOnactu D, , T.€. (, YAOBIETBOPIET YPABHEHHIO:
4

o9, <, o9 n Q0 0°q
EO"';hi 8X? +taq, = ;;Kij axia;:j +5(t_7)5(xl - Y1)5(X2 - y2)5(X3 - Y3)a (4316)

93



(Mo 300, 4 oq =33 0k, T st )60 - 1), — v,)506 — v,)) (4.3.17)
ot - iaxi aqo_i:l = ox, iia 1~ Y1 27 Y2 37 Y3 e
U YCIIOBUSIMH:

qo(t,Xl,Xz,X3;T, yl’y21y3)=01 (4318)

_0. (4.3.19)

o (t X0y X5, X357, Ve, Y2 Ya)

(Xq,X5,%3)€0G

Kpome Toro, B yCIOBUSAX JaHHOW TEOPEMBI BBITIOJHSIOTCS YCIOBUS TEOPEMBI
2.1 u cnencrBus 2.1 uz . 1 § 2 [43].

A Tornma

a(t, %, X,, X;) =0, (t,X,X,,%;) € D; . (4.3.20)

N3 nannbix paccyxaeHuit, (4.3.20) u ycnoBuih Q >0, ¢ >0 CleIyeT, 4TO eCIH
BBIMOJIHEHBI YCJIOBHsS JaHHOW Teopembl, TO pemieHue 3amaun (4.3.14) ((4.3.13)),
(4.3.2)-(4.3.5) cymiecTByeT U €AMHCTBCHHO.

YuuteiBas paBeHCTBO (4.3.8) u ucnosb3ys CBOiCTBAa & - ¢yHKIMH Jupaka

[18], cooTHOmIEeHUE (4.3.15) MOXKHO TIepenucaTh B SKBUBAJICHTHOM BHJIC:
t
At X, X, %) = [ A7 [[] 6o (6% X0 %37, Y, Vs, V) Ty cly,dly, +
0 G

+ JI[ o (t, %05 X5, X357, Y10 Yo Yo )@Yy, Yy, Ya)dy, dy, dy, . (4321)
G

CHoOBa BOCITOJIb30BABIIUCh CBOMCTBAMU & - (DYHKITUH, HETIOCPEACTBEHHBIM
MOJICYETOM MOYKHO YOeauThCs, uTo GyHKIHs (4.3.21) yIoBIETBOPSET ypaBHECHUIO
(4.39), a, cuenoBarensHo, U  ypaBHeHur (4.3.1). VYuurteBasg, 4TO
Uo (6, X, X0, X537, ¥,y Yo ¥Vs) SIBIISIETCS pyHKIMEH ['puna ms 3amaun (4.3.13), (4.3.2)-
(4.3.5) (t.e. pemenrem 3amaun (4.3.17) — (4.3.19)), 3akmodaeM, 4TO (QYHKIIUSI
(4.3.21) ynosnerBopsier ycnoBusMm (4.3.3), (4.3.4), (4.3.5). 3Hauut, pemicHUE
(4.3.1) — (4.3.5) cymiecTByeT U €AMHCTBEHHO. P>

Teopema 2. Ilyctb BbIoOIHEHBI Bce ycnoBusi TeopeMbl 1. Torma 3amaua
(4.3.1) - (4.3.5) mpu f =0, ¢ =0 UMEET CAUHCTBCHHOE PECIICHHE.

Jloka3zaTeibCTBO.

<« EciM BBINOJHEHBI YCIOBUS JAaHHOM TEOpEMbI, TO: |) BBINOJIHEHBI BCE

ycioBusi TeopeMbl 16.1 u3 1. 4§ 16 [43], a 3Hauut, pemenue 3agaun (4.3.9),
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(4.3.2), (4.34), (435 npu f=0, ¢=0 CymecTByeT; 2) BBIIOJHIIOTCS BCE
ycloBusl TeopeMbl 5.2 u3 1. 4 § 5 [43], a 3HauuT, pemenue 3amaun (4.3.9),
(4.3.2), (43.4), (435 nmpu f=0, ¢=0 EAWHCTBEHHO; 3) BBIIOJHIIOTCSI BCE
ycinoBust Teopembl 2.1 u3 . 1§ 2 [43], a 3HauuT, coriacHo ciaeacTBuio 2.1 u3
9TOW TeopeMbl, pemenue 3aaaun (4.3.9), (4.3.2), (4.3.4), (4.3.5) npu f =0, ¢=0
HEOTPHIIATEIILHO, T.C. BEINOIHAETCS yenoBue (4.3.3).
VYpaBaenue (4.3.9) skBuBaneHTHO ypaBHeHuto (4.3.1). A tornaa, coriacHo 1)

- 3), pemrenne 3amaun (4.3.1) - (4.3.5) nmpm f=0, ¢=0 cymecTByeT H
€IUHCTBEHHO. P>

Teopema 3. IlycTh BbIONHEHBI Bce yciaoBus Teopembl 1. Torma (4.3.1) —
(4.3.5) wuMeeT eIMHCTBEHHOE pEIICHWE, CoBMajaroiiee ¢ pemeHuem (4.3.13),
(4.3.2) — (4.3.5).

Jloka3areJibCTBO.

<4Bce ycioBus TeOpeMBbI 3 T€ Ke, UTO U YCIoBHUsS TeopeMbl 1.2. O0603HaunM
yepe3  q,(t, %, X,,X;) pemenne 3amaun (4.3.1) — (4.3.5) npu w=0, uepes
a,(t X, X,,%X;) - pemeHue 3Toil 3amauu npu f =0, ¢=0. HemocpeacTBeHHBIM
MOACYETOM JIETKO YOemUThCS, 4TO q (t, X, X,,Xs) = 0y (t, X;, X5, X5) + 0, (L, X, Xy, X5)
snsiercs pemenueM (4.3.1) - (4.3.5). Tak kak q,(t, X, X,,X;) , COTJIaCHO Teopeme 1, -
eIMHCTBEeHHOE perienue 3aaaun (4.3.1) - (4.3.5) npu y =0, coriacHo Teopeme 2, -
eIMHCTBeHHOE pernrenue 3anaun (4.3.1) — (4.3.5) npu f =0, ¢ =0, TO q(t, X, X,,X,) ,
OYEBHJIHO, OY/IET CAMHCTBCHHBIM pereHreM 3aaaun (4.3.1) — (4.3.5).

[Mepeiinem k ananu3y 3anauu (4.3.1) - (4.3.4), (4.3.6).

Teopema 4. IlycTb BbIOJNIHEHBI yCJIOBUS a), D) w3 myHkra 2, u,, K,

ij
HENpPephIBHO Au(QepeHIupyeMbl Mo X,, i=123 B D,, rpanuna oGeC™*, Q
HempepblBHA MO [ &mbIepy 1O X ¢ TOKa3aTeleM y pPaBHOMEPHO B Di, ¢

HENpepbiBHA B G M paBHa HYJIO B HEKOTOPOM G - OKPECTHOCTH T'paHUIbl 0G

B, v HempepbiBHBI Ha 0G, x[0,T]. Toraa pemenue 3amxaqn (4.3.1) - (4.3.4), (4.3.6)

CYILIECTBYET U €UHCTBEHHO.
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Jloka3zaTeibCTBO.

<« [lo ycaosuto u;, K;, i=123 HenpepslBHO AuddepeHIupyeMbl MO X, B

ij o
D, . [Tostomy ypaBuenue (4.3.1) skBuBajeHTHO ypaBHeHHIO (4.3.9), ypaBHEeHHE
(4.3.13) — ypaBuenwuio (4.3.14).

AHanOruyHO TOMY, KaK MbI 3TO JeJlajd MpU J0Ka3aTeIbCTBE TEOpEeMbl 1,
paccmotpuMm 3anady (4.3.13), (4.3.2) — (4.3.4), (4.3.6), >KBHBaJICHTHYIO 3aJaye
(4.3.14), (4.3.2) — (4.3.4), (4.3.6).

Ecnu BhINOIHEHBI YCIOBUS TaHHON TEOPEMBI, TO, OYEBUHO, BBIIOIHIIOTCS
ycioBust Teopembl 2 u3 1. S5 § 3 [84] (caywait n=3). OTkyna ciemyeT, 4To

pemenne ¢ 3amaun (4.3.14) ((4.3.13)), (4.3.2), (4.3.4), (4.3.6) cymecTByeT,

CANHCTBCHHO U IIPCACTABHUMO B BHUIC:

At X, X, X3) :jdrﬂj I(t %, Xy, X537,8,1, )1 (7,17, 0)0S +

+ ([ 7% %537.81m,0)p(¢ 1 m, 0)d¢dnd 0 + (4.3.22)

+jdffﬂ (%, % %3 7,801, Q7. 117, 6)d¢d d 6,

rae r(z,¢,n,0) HenpepblBHasS Ha OGx[0,T] (yHKIUA, SBISIOMAICS pEIICHUEM
UHTErpanbHOTO ypaBHeHUs (3.8), koTopoe npencrtaBumo B Buje (3.10) uz . 5 § 3

[84], dS - anemenT moBepxHOoCTH 0G, ' — DyHIAMEHTAIBHOE PEIICHUE YPAaBHCHHUSI

Lg=0,
( 3
L=+ z i+a() ZJZ:KJ axax (4.3.23)
(), < a(.)
(L(.)——at 21 . 22 7@ 0). (4.3.24)

O06o03naunM B (4.3.7) (a 3nauut u B (4.3.6))

b (t,x) = 23: K;; (t,x) cos(N, x) .

B ycnoBusix Haiieil TeopeMbl BBINOJHSAIOTCSA (IJis1 ciiy4yas N=3) BCE yCIOBUS
teopembl 2.2 u3 1. 1 § 2 [43] (mpuHIMO MakcuMyma). A TOrjAa, COTJIACHO ITOMU

TEOpEME, ((t,X) YAOBIETBOPSECT HEPABEHCTBY
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Att)
q(tl,x)zsupmin{o, min - g min u(x,0); 7 1 min(Qe“‘l‘tO’)}, (4.3.25)

A>a, oDy ‘b 0

b= /b +b] +b],
),

X=(X,Xy,X5), t, 21, >0.

a, = max (- K(t,x)
DY

PaCCMOTpI/IM BBIPAKCHHUC
_ t
At %, %, %) = [dr [[] 7t %0 %, %537,8,m,0)1 (7,¢ 77, 0)dS +
0 oG

+ jj j It %, Xy, X0 7, &1, 0) (&1, 0)dcdnd 6 + (4.3.26)

+j.dTIIjF(t,X1,X2,X3;T,é/,77,t9)f(z‘,é’,n,e)dé’dndg ,

noay4deHHoe u3 (4.3.22) myreM 3aMeHbI B MociieaHeM ciaraemMoM (4.3.22) Q Ha f.
N3 (4.3.8) u cBolicTB & - pynkuuu upaka cienyet, 4to (4.3.26) SKBUBAJIEHTHO B
D: (4.3.22), Tee.
qt, %, X5, X3) = q(t, X, %5, X3), (6, %, X,,X;) € D, . (4.3.27)

W3 (4.3.27) BeITekaeT, 4To (q(t,X,,X,,X;) yHOBIETBOpsieT ycioBusMm (4.3.3),
(4.3.4), (4.3.6), Tak KaK 3TUM YCJIOBUSM B D, YIOBIETBOPSET ((t, X;,X,,X,) .

[ToncraBum dopmanpao (4.3.26) B (4.3.1), T.e. BBIUMCIUM Lq(t, X, X,, X5) ,
(t, X, X,, %) € D] , (X, %,,%;) 206G, rae L(.) umeet Bux (4.3.24).

Cornacho (4.3.26), (4.3.24)

La(t, X, X,, X5) = Ljdr”j Tt %, %, X35 7,&,1m,0)r (z,&,17,0)dS +

+ Ljﬂ Tt X, %y, %507, C o1, ) (¢, 6)d dmd 6+ (4.3.28)

= Ljdfm I'(t %, X, X5:7,$,7,0) T (2,¢,17,0)dgd nd 9 .

Boruucinum BeipaxkeHue B rpaBoit yactu (4.3.28), ypoCTUB IS 3TOTO KaKI0€

cllaracMoe.
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Ljdrm I(t %, Xy, X537, 4,17, 0)F (7,17, 0)dS =

0

= .U.[ T(t %, %, X5:7,&,1,0)r (7, ,17,0)dS + (4.3.29)

+jdrm [LI(t, %, %, %557,8 1, 0) ] (2,4 ,17,6)dS =0,
TaK KaK 10 YCIIOBHUIO F(t(,) X ;: X5;7,¢,1,0) - PyHIaMEHTAIIbHOE PeIIeHUE
ypaBHeHUs Lg=0, a coryiacHo onpeaencHus [
I(t, %, Xy, %3;7,4,1,0) =0, IpA (X, X,,X3) €0G, (£,n,0) €0G, 1
LI(t, %, Xy, X5, 7,¢,1,0) =0, (4.3.30)
ng It %, X, X307, &1, 0)p(r, & 17, 0)ddd 6 =

= [[TIEr % % %537, (e, & 7, 0)dgdnd 6 = 0, (4.3.31)

Ljdrm I(t %, X, %53 7,4,1,0) (7,77, 0)dCdd 6 =
=[] 7t %, %537.£.1,0) £ (2.1, 0)dgd 7 0 + (4.3.32)

+jdrm [LI(t, X, %y, %7, 8,1, 0)|f (2, &, 17,0)ddnd 6 = £ (8%, Xy, X,) .

PaBeHCTB(()) (4.;.32) BBITEKAET U3 PABEHCTB

(%%, %63 7,6,1,0) = S(x=)5(y =) 5z - 0)
[I] 1t.¢.7.005(x=)5(y —n)5(z - 0)dgdrmd = £ (t, %, %,,%;)
u paBeHCTBaG(4.3.3O).
U3 (4.3.28), (4.3.29), (4.3.31), (4.3.32) cnenyert, 4To
Lg(t, X,, X, X5) = F(t, %, X,,X5) -

N3 (4.3.33) 3axmrouaem, 9to ((t,X,,X,,X;) SBISETCA PEIICHHEM YpPaBHCHHUS
(4.3.1), u3 (4.3.27) — 4TO penIeHUue SAMHCTBEHHO U OHO YJOBJIETBOPSET YCIOBHUIM
(4.3.3), (4.34), (4.3.6) (B cuiay TOro, 4ro OSTHM YCIIOBHSAM YJIOBJICTBOPSCT
act, X, X,, X;) ). B

[Tonmy4yeHnble pe3ynbTaThl NPUHUMAIOTCS ISl aHAM3a MAaTEeMaTHYECKUX
MOJIEJIEN, UCITOJIb3YEMBIX HA IMPAKTHUKE.

Yoenumcst, 4To Il OCHOBHBIX HAYaJbHO-TPAHUYHBIX 33144, UCIIOJIB3yEMbIX B

MIPUKIIAJIHBIX HCCIICIOBAHUSX PAcCesHHsl MPUMECH B TypOysieHTHOH aTmocdepe,
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BBITIOJIHSIOTCS BCe ycnoBHUs TeopeM 1-4 u3 myHkra 3. B 3THX 3amadax OOBIYHO
M0JIarafoT, 4To Kod3(dummentsl u GyHkmu B 3amavax (4.3.1) — (4.3.5), (4.3.1) —
(4.3.4), (4.3.6) umeror craenyrommii Bun [9] (IS IOJHOTO COOTBETCTBUS C
0003HAYEHHUSAMH, UCIIOJIb3YEMBIMH Ha MPAKTHKE, OyJIEM CUUTATh, YTO X, =X, X, =Y,
X, =12).

u, =u,(z)=c,Inz, ¢, =const>0, u,=u, =0 (4.3.34)
(3TOT cmyyail 03HauyaeT, 4To och OX COPUEHTHPOBAHA 10 HAMIPABJICHHUIO BEKTOPA
CKOPOCTH BETpa, a CKOPOCTh BeTpa BI0Jb ocu OZ U3MEHSETCS 110
JorapuMUIeCKOMY 3aKOHY),

Kij j* 0, i=j,

Kij =120, i=j, i=123

T.€. B MaTpULbl KO3PPUUKUEHTOB AUP(Y3UN YUUTHIBAIOTCS TOIBKO TUArOHAIbHbBIE
AJIEMEHTHI, & BCE 3JIEMEHTBI, HE PACIIOJIOKEHHBIE HA IIIaBHOM AUAroHaIu, CYUTAKOT
paBHBIMM HYJIO; Tpu 3ToM K, =K,,=cC,u,, C,=const>0, rAe u, 3agaercs
BeIpaxenuem (4.3.34), K,, =c,z+c,, ¢, =const >0, ¢, =const >0.

B kauectBe G uacTo BbIOMparoT [47] mpsMoii KpyroBOM HUIUHAP BRICOTH H C
JIOCTaTOYHO OOJIBIIIUM  PaJNYCOM R ocHOBaHus, pacMoJOKEHHOTO Ha
noactunatomier nosepxnoctu z= 0. [Ipeanonaraercs, uro H MeHbIIIe BBICOTHI TaK
Ha3pIBaEMOTro TorpaHu4HOro ciosi armochepsr [9]. Takoit cmoco6 3amanms G
yn00€H IpU aHAIMTUYECKUX (€CITU 3TO BO3MOXHO B OTJCIBHBIX clydasx [67]) u
YUCJICHHBIX PEIICHUSX PaCCMATPUBAEMbBIX HAYaJIbHO-TPAHWYIHBIX 3a71a4.

OyHKIMN «,Q,0,y, B,V 33J1al0T TaKUM 00pa30M, UTO BBIMOJHSIOTCS YCJIOBUS
teopem 1-4. Yare Bcero mojararoT, YTO ITH (PYHKIIUU SIBJISIOTCS MOCTOSHHBIMU
BenuyrHamu B G.

[Ipu npanHom BbIOOpEe U, i=123, ycioBue (4.3.2) BBINOJHSIETCS

TOXJIECTBEHHO.

Jns  ykasaHHeIX U, «, Ky, ¢, v, B, v, G yCIIOBHI TEOPEM I- 4

BBIITOJIHAIOTCSA. HO3TOMy HCIIOJIB3YEMEBIC B NPUKIIAJHBIX HCCICOAOBAHUAX 3aJavdu
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Buna (4.3.1) — (4.3.5), (4.3.1) — (4.3.4), (4.3.6) Bcerna umeroT (M TPU TOM OJHO)
pelieHue.

OOpaTuM BHHMMaHHE Ha CJEIylIIee O00CTOSITeabCTBO. Ilpu dMCIeHHOM
pemrenuun 3anaq (4.3.1) — (4.3.5), (4.3.1) — (4.34), (4.3.6) B ypaBHenuu (4.3.1)
yacto f 3amensror Ha Q 6e3 1oKHOrO Ha TO 00ocHOBaHMs. OIHAKO, PE3YIIBTATHI
YHUCJACHHBIX PAaCYeTOB B 3TOM CJy4ae VYAOBJICTBOPUTEIIBHO COTJIACYIOTCS C
OKCIIEPUMEHTAIbHBIMUA JaHHBIMU. OOBSCHUTH 3TOT (PAKT MOXKHO CIICAYIOUUM

oOpa3zom. M3 mokazatenscTB Teopem 1- 4 craemyer, 4to BUA  ((t, X, X,,X;) HE

3aBHCHT OT BbIOOpa B ypaBHeHMH (4.3.1) B KauecTBe cBoOOaHOrO wieHa f wmmm Q
(em. (4.3.15) u (4.3.21), (4.3.22) u (4.3.26), (4.3.27)). [loaTomMy ® pe3yJIbTaThl
YHCIICHHBIX pacdyeToB (mpu 3ameHe f wa Q B ypaBHenwn (4.3.1)) Bcerna Oymyt
XOPOLIO COIJIACOBaHbI C HKCIIEPUMEHTAIbHBIMU JJAHHBIMU (€CIIU TOJIBKO, KOHEYHO,

cama wmoxaenp (4.3.1) — (4.3.5) wm (4.3.1) - (4.34), (4.3.6) anmekBaTHO

OKCIICPUMCHTAJIbHBIM JAHHBIM OITMCBIBACT U3MCHCHUA 3HAYCHUH C](t, X1y X5, X3) B G)

BriBoarble k riiase 1V

B »Toli rimaBe paccMoTrpena 3agada Komm co CMEaHHbIM HOCUTEIIEM o IS
KJIACCUYECKOT0 YPaBHEHUS TEIIONPOBOJIHOCTH

a,u,—u,=0, a=const>0,
HalJICHO peryjsgpHoe B o00JacTh € pemieHue u=u(X,y) 3TOro ypaBHEHUS,

HETpPEPBIBHOE B Q) U YIOBJIETBOPSIOIIEE 3aaHHBIM YCIOBHSAM:
u(x,0) =p(x), Xeo,,
u@,y) =z(x), u,(0,y)=v(y), yeo,.
[TepeopmynupoBana TeopemMa 0 KOPPEKTHOM IMOCTAHOBKE BTOPOM KpaeBO# 3a1auu
JUTsl ypaBHEHUS TUTIEPOOTMYECKOTO THIIA.
B oaT0if ke TriaBe MoApPOOHO pPacCMOTPEHA Pa3pelIMMOCTh HayajabHO-
IPaHUYHOM 3a/layM, OMKCHIBAIOIICH paccessHUEe TMPUMECH B TypOYJEHTHOM

aTMocdepe.

100



Bomnpocs! k rinase 1V
1. Kakas pynkuus ssnsercs pynkiueit beccens?
2. Yto HazpIiBaeTCs TypOyneHTHON aTMochepoii?
3. Kakoe ypaBHeHUE Ha3bIBaCTCsl YpaBHEHUEM CO CMEIIaHHBIM HOCUTEJIEM?

4. Yro HaswIiBaeTCs neibTa GyHkimen Jupaka?

3AKJIIOYEHUE

B ngamHOM mOCOOMM M3TIOKEHBI OCHOBHBIE TMOHSATHS O JKOHOMHYECKHX
mozensax Conoy u JleoHTheBa, 0 MOJENSAX U3 OMOJOTHUH, O MaTEMAaTHUYECKHUX
MOJENAX MHKpOIKOHOMUKH,  ¢uiabTpax Kanmana - beilocu nns TuHEHHBIX
anreOpanyecKux YpaBHEHUN U CTOXaCTHYECKHX cucteM. [IpuBeneHb u moapoOHO
ONMCAaHbl ypPAaBHEHMSI COOTHOIIEHHUS OallaHca B HOKOHOMHYECKOM MOJENH
JleonTheBa, W Mojenu SKOoHOMHYEecKoro pocta Coioy, pelleHbl 3aJayd  Ha
KOppeKTHOCTh. B mocobuu Takke wuzydyaercs 3amada Komm B obnactu Q
Q= {fto, TIx{0.1}

u =au,, a=const>0

-

u@0, t)=et), u 0, t)=¢(t),0<t<T,

u(x,0)=1z(x), 0<x<I, 7(0)=¢(0),
KOTOpas 4acTo M3ydaeTrcss B MaTeMaTudyeckodl Ouosnoruu. IlpuBomurcs meton
perynsipuzanuu (Mo TUXOHOBY) pelIeHUs: ONEPaTOPHOrO YPABHEHUS.
Ay = f, ye Lg,, f S L2,

rae A - TMHEHHBIN BIIOJIHE HEMPEPBIBHBIN oneparop, f- 3agaHHas mpaBast 4acTh,
¥ - HCKOMOE€ pEILIECHHUE.

Taxke  mpuBeAeHBI  pe3yJdbTaThl  TEOPUM  JIMHEHHON  (QUIbTpaluu
HAOJIOMAeMBbIX ~ CTOXaCTHYECKUX  OOBEKTOB,  ONHMCHIBAEMBIX  JIMHEWHBIMU
CTOXaCTUYECKUMU AUPPepeHInaTbHBIMU YPaBHEHUSIMU.

B mocobun npuBOIsATCSA YK€ MOJTYYEHHBIE PE3yJbTaThl B XOJ€ MPOBEACHHBIX
ucciaenopanuii. Tak B mepBom mnaparpade BTOpOH IJ1aBbl UCCIEI0BAaHA
oJHOIIaroBas (GUILTpAIMS ONIMOOK M3MEPEHH BEKTOpa CIpoca B OallaHCOBOM
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Mojienu JleonTeeBa. B 3TOi ke ri1aBe MPUBOAUTCSA U MHOTOILIATOBasi ONTUMAJIbHAS
dubTpanus OmMOOK M3MEpeHUi BekTopa cmpoca f, paccmMatpuBaeTrcs Mojaenb
CoJioy, IpUBOAATCS PE3YJAbTaThl U3MepeHU Moaenu CoJioy Ha KOPPEKTHOCTh €€
ITOCTaHOBKH.

N3yyaercs Takxe nuHeapu3oBaHHass Mojielib CoJioy, pacCCMOTPEH BOIPOC O
pa3pelIMMOCTH JTUHAMUYECKOW Mozenu JIeoHTheBa M MCCIEIOBaHA 3ajaya: 1o
NaHHBIM HaOmoxenusaM z(t), te[0,T], Haiitk ouenky y(t) Bexropa A(t), KoTopas
JIOCTABJIIET MUHUMYM BBIPAXKEHUIO.

B derBeproii rnaBe ucciemoBaHa 3adad Komu M 3amaua, omuchiBaroiias
paccesiHUE MpUMECH B TypOyJeHTHOM aTMocdepe, a TakkKe NMPUMEHEHUE JTaHHBIX
MaTeMaTHYECKUX Mojelie B Ouojoruu. B 3Toi ke Ii1aBe paccMOTpeHa 3ajaya
Komm co cMemaHHBIM HOCHUTEIEM o JJi1 KJIACCHMYECKOTO YpaBHEHUS
TEIUIONPOBOHOCTH

a,u

XX

—u, =0, a=const>0
W HalJieHO peryaspHoe B 00jacTH Q  pemeHue U =u(X,y) ypaBHEHUs,

HEIPEPBIBHOE B Q) U yIOBJIETBOPAIOLIEE 3aJaHHBIM YCIOBUAM

u(x,0) = p(x), xeo,,,

u@,y) =z(x), u,(0,y)=v(y), yeoy,,
U TaKke mepedopMyIHpoOBaHa TeopeMa O KOPPEKTHOH ITOCTAaHOBKE BTOPOI
KpaeBoOW 3ajauu I ypaBHEHHs runepOosmueckoro tuma. B IV rmaBe Takxke
MoAPOOHO  PacCMOTPEHA  Pa3pemIMMOCTh  HayaJdbHO-TPAHUYHOW  3aJadH,
OTMMCHIBAIOIICH paccessHHEe MPUMECH B TYpPOYJIEHTHOW aTMocdepe, MPUBEICHBI H
JoKazaHbl 4 TeopeMbl O CYIIECTBOBAaHMM M EIUHCTBEHHOCTH PEIICHUS
MOCTaBJICHHOW 3amaud. [lomydeHHbIE pe3yNbTaThl MPUMEHSIOTCS JUIsl aHaIM3a

MaTCMaTHICCKHUX MOI[G.]'IGI‘/II, HCIIOJIB3YCMBIX Ha ITPAKTHUKC.
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HHPUIIOXKEHHUE 1

sigma=dsolve('Df=3*f-(f"2)/3+2','f(0)=0")
sigma =

1/70*(3*1057(1/2)+35*tanh(1/210*(35*t-
2*105"(1/2)*atanh(3/35*1057(1/2)))*105"(1/2)))*105~(L/2)

z=[1:1:100];

t=[0:0.1:1];

for j=1:11
sigmat(j)=1/70*(3*105"(1/2)+35*tanh(1/210*(35*t(j)-
2*1057(1/2)*atanh(3/35*105(1/2)))*105%(1/2)))*105"(1/2);
end
k=dsolve('Dk=(1.5-(1/3)*sigma)*k+1/3*sigma*z','k(0)=0")

k =

2/(-9+2*sigma)*sigma*z-2*exp(-1/6*(-9+2*sigma)*t)/(-9+2*sigma)*sigma*z
>> for j=1:11

for i=1:100
ktz(i,j)=2/(-9+2*sigmat(j))*sigmat(j)*z(i)-2*exp(-1/6*(-9+2*sigmat(j)) *t(j))/(-
9+2*sigmat(j))*sigmat(j)*z(i);

end

end

[Z,T]=meshgrid(t,z);

>> mesh(Z,T,ktz)
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MNPUJIO)KEHHUE 2

>> sigma=dsolve('Df=-f-(f*2)/2+3','f(0)=0")

sigma =

-1/7*(7N(1/2)-7*tanh (1/14*(7*t+2*77(1/2)*atanh(1/7*7™(1/2)))*7™(1/2)))*77(1/2)

>> t=[0:0.1:1];

>> for j=1:11
sigmat(j)=-1/7*(7"(1/2)-7*tanh(1/14*(7*t(j)+2*7"\(1/2)*atanh(1/7*7™(1/2)))*7(1/2)))* 7~ (1/2);
end;

>> x=dsolve('Df=-f/2-sigma*f/2+sigma*z/2','f(0)=0")

X =
1/(1+sigma)*sigma*z-exp(-1/2*(1+sigma)*t)/(1+sigma)*sigma*z

>> z=[1:1:50];

>> for i=1:50

for j=1:11
xt(i,j)=1/(1+sigmat(j))*sigmat(j)*z(i)-exp(-1/2*(1+sigmat(j))*t(j))/(1+sigmat(j)) *sigmat(j) *z(i);
end

end

>> [Z,T]=meshgrid(t,2);

>> mesh(Z,T,xt)>>
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HPUIIOXKXEHMUE 3
>> sigma=dsolve('Df=-3*f-0.275*(f*2)+1','f(0)=0")
sigma =

-2/1111*(3*10107(1/2)-
101*tanh(1/2020*(101*t+2*10107(1/2)*atanh(3/101*10107(1/2)))*10107(1/2)))*10107(1/2)

>> t=[0:0.1:1];

>> for j=1:11

sigmat(j)=-2/1111*(3*10107(1/2)-
101*tanh(1/2020*(101*t(j)+2*10107(1/2)*atanh(3/101*10107(1/2)))*10107(1/2)))*10107(1/2);
end;

>> y=dsolve('Df=-1.5*f-0.25*sigma*f+0.25*sigma*z','f(0)=0")

y:

1/(6+sigma)*sigma*z-exp(-1/4*(6+sigma)*t)/(6+sigma)*sigma*z

>> z=[1:1:100];

>> for i=1:100

for j=1:11
yt(i,j)=1/(6+sigmat(j))*sigmat(j)*z(i)-exp(-1/4*(6+sigmat(j))*t(j))/(6+sigmat(j)) *sigmat(j) *z(i);
end

end

>> [Z,T]=meshgrid(t,z);

>> mesh(Z,T,yt)

>> plot(t,sigmat)

>>
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